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Abstract. We give proofs of de Rham comparison isomorpliisms for rigid-analytic 
varieties, with coefficients and in families. Tfiis relies on the theory of perfectoid 
spaces. Another new ingredient is the pro-etale site, which makes all constructions 
completely functorial. 
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1. Introduction 

This paper starts to investigate to what extent p-adic comparison theorems stay true 
for rigid-analytic varieties. Up to now, such comparison isomorphisms were mostly 
studied for schemes over p-adic fields, but we intend to show here that the whole theory 
extends naturally to rigid-analytic varieties over ^adic fields. This is of course in analogy 
with classical Hodge theory, which most naturally is formulated in terms of complex- 
analytic spaces. 

Several difficulties have to be overcome to make this work. The first is that finiteness 
of p-adic etale cohomology is not known for rigid-analytic varieties over p-adic fields. 
In fact, it is false if one does not make a restriction to the proper case. However, our 
first theorem is that for proper smooth rigid-analytic varieties, finiteness of p-adic etale 
cohomology holds. 

Theorem 1.1. Let K he a complete algebraically closed extension of Qp, let X/K he 
a proper smooth rigid- analytic variety, and let L he an Vp-local system on X^,^. Then 
-ff * (X^t ) IL") is a finite- dimensional ¥p-vector space for all i > 0, which vanishes for 
i > 2dimX. 

The properness assumption is crucial here; the smoothness assumption is probably 
unnecessary, and an artefact of the proof. We note that it would be interesting to prove 
Poincare duality in this setup. 

Let us first explain our proof of this theorem. We build upon Faltings's theory of 
almost etale extensions, amplified by the theory of perfectoid spaces. One important 
difficulty in p-adic Hodge theory as compared to classical Hodge theory is that the local 
structure of rigid-analytic varieties is very complicated; small open subsets still have 
a large etale fundamental group. We introduce the pro-etale site Xproet whose open 
subsets are roughly of the form V ^ U ^ X , where U ^ X is some etale morphism, 
and V ^ U is an inverse limit of finite etale maps. Then the local structure of X in the 
pro-etale topology is simpler, namely, it is locally perfectoid. This amounts to extracting 
lots of p-power roots of units in the tower V ^ U. We note that the idea to extract 
many p-power roots is common to all known proofs of comparison theorems in p-adic 
Hodge theory. 

The following result gives further justification to the definition of pro-etale site. 

Theorem 1.2. Let X be a connected affinoid rigid- analytic variety over K . Then X 
is a i^(7r, 1) for p-torsion coefficients, i.e. for all p -torsion local systems L on X, the 
natural map 

Hi,,,,{7ri{X,x),L,) ^ H\X,tM 

is an isomorphism. Here, x G X{K) is a hase point, and Tri{X,x) denotes the profinite 
etale fundamental group. 

We note that we assume only that X is affinoid; no smallness or nonsingularity hy- 
pothesis is necessary for this result. This theorem implies that X is 'locally contractible' 
in the pro-etale site, at least for p-torsion local systems. 

Now, on affinoid perfectoid subsets U, one knows that H'^{Uct, /p) is almost zero for 
i > 0, where C Ox is the subsheaf of functions of absolute value < 1 everywhere. 
This should be seen as the basic finiteness result, and is related to Faltings's almost 
purity theorem. Starting from this and a suitable cover of X by affinoid perfectoid 
subsets in Xp^oet, one can deduce that H^{X(.i,0~^/p) is almost finitely generated over 
Ok- At this point, one uses that X is proper, and in fact the proof of this finiteness 
result is inspired by the proof of finiteness of coherent cohomology of proper rigid- 
analytic varieties, as given by Kiehl, jl3j . Then one deduces finiteness results for the 
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Fp-cohomology by using a variant of the Artin-Schreier sequence 

^ Fp ^ 0\lv ^ ^ . 

In order to make this argument precise, one needs to analyze more closely the category 
of almost finitely generated O/^-modules, which we do in Section[2l formalizing the proof 
of §3, Theorem 8, of Faltings's paper j^]. In fact, the proof shows at the same time the 
following result, which is closely related to §3, Theorem 8, of [9]. 

Theorem 1.3. In the situation of Theorem there is an almost isomorphism of 
Ox-'nnodules for all i >Q, 

H\X^tM ® Ok/p ^ H\Xit,l^® 0\Ip) . 

More generally, assume that f : X —?■ Y is a proper smooth morphism of rigid- analytic 
varieties over K , and L is an ¥p-local system on X^t. Then there is an almost isomor- 
phism for all i >0, 

(i?7et*L) 0+/p ^ i?7ct*(L 0+/p) . 

Remark 1.4. The relative case was already considered in an appendix to [9]: Under the 
assumption that X, Y and / are algebraic and have suitable integral models, this is §6, 
Theorem 6, of [9]. In our approach, it is a direct corollary of the absolute version. 

In a sense, this can be regarded as a primitive version of a comparison theorem. 
Although it should be possible to deduce (log-)crystalline comparison theorems from it, 
we do only the de Rham case here. For this, we introduce sheaves on Xproet) which we 
call period sheaves, as their values on pro-etale covers of X give period rings. Among 
them is the sheaf Bj^j^, which is the relative version of Fontaine's ring 5+^. Let L be 
lisse Zp-sheaf on X. In our setup, we can define it as a locally free Zp-module on Xpj-oet, 
where Zp = ^mZ/p"Z as sheaves on Xproct- Then L gives rise to a B^p^-local system 
M = L Cg)^ B^pj^ on Xpj-o^t i it is a formal consequence of Theorem 11.31 that 

H\XaM ^ W{Xp,o6t,M) . (1) 

We want to compare this to de Rham cohomology. For this, we first relate filtered 
modules with integrable connection to B^^^-local systems. 

Theorem 1.5. Let X be a smooth rigid- analytic variety over k, where k is a complete 
discretely valued nonarchimedean extension of Qp with perfect residue field. Then there 
is a fully faithful functor from the category of filtered Ox -modules with an integrable 
connection satisfying Griffiths transversality, to the category ofM^^-local systems. 

The proof makes use of the period rings introduced in Brinon's book [5], and relies on 
some of the computations of Galois cohomology groups done there. We say that a lisse 
Zp-sheaf L is de Rham if the associated B^j^^-local system M lies in the essential image 
of this functor. 

Let us remark at this point that the form of this correspondence indicates that the 
Rapoport - Zink conjecture on existence of local systems on period domains, cf. 
], is wrong if the cocharacter /_i is not minuscule. Indeed, in that case they are asking 
for a crystalline, and thus de Rham, local system on (an open subspace of) the period 
domain, whose associated filtered module with integrable connection does not satisfy 
Griffiths transversality. However, the p-adic Hodge theory formalism does not allow 
for an extension of Theorem 11.51 beyond the situations where Griffiths transversality is 
satisfied. 

We have the following comparison result. 
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Theorem 1.6. Let k he a discretely valued complete nonarchimedean extension of Qp 
with perfect residue field k, and algebraic closure k, and let X be a proper smooth rigid- 
analytic variety over k. For any lisse Zp-sheafL, on X with associated M'^^-local system 
M, we have a Ga\{k/k)-equivariant isomorphism 

H\X-„1L) (^^^B+^^H\X-„M) . 

IfL, is de Rham, with associated filtered module with integrable connection (£',V,Fil*), 
then the Hodge-de Rham spectral sequence 

Hi^X,{X,£)^WMX,£) 

degenerates. Moreover, ff*(X^,L) is a de Rham representation ofGal{k/k) with associ- 
ated filtered k-vector space H^^{X, £). In particular, there is also a Gal{k / k) -equivariant 
isomorphism 

W{X-„1L) k = ^Hi^J^^{X,£) k{-j) . 
j 

Remark 1.7. We define the Hodge cohomology as the hypercohomology of the associated 
gradeds of the de Rham complex of £, with the filtration induced from Fil*. 

In particular, we get the fohowing corohary, which answers a question of Tate, |19j . 
Remark on p. 180. 

Corollary 1.8. For any proper smooth rigid- analytic variety X over k, the Hodge-de 
Rham spectral sequence 

H\X,Q^) ^ H^^^X) 
degenerates, there is a Hodge-Tate decomposition 

i 

H\x-,^,„qp) ®Q J = H^-'{x, n^) k-j) , 

j=0 

and thep-adic etale cohomology ff*(X^t)Qp) is de Rham, with associated filtered k-vector 
space H^^{X). 

Interestingly, no 'Kahler' assumption is necessary for this result in the p-adic case as 
compared to classical Hodge theory. In particular, one gets degeneration for all proper 
smooth varieties over fields of characteristic without using Chow's lemma. 

Examples of non-algebraic proper smooth rigid-analytic varieties can be constructed 
by starting from a proper smooth variety in characteristic p, and taking a formal, non- 
algebraizable, lift to characteristic 0. This can be done for example for abelian varieties 
or K3 surfaces. More generally, there is the theory of abeloid varieties, which are 'non- 
algebraic abelian rigid-analytic varieties', roughly, cf. [15]. Theorem 11.61 also has the 
following consequence, which was conjectured by Schneider, cf. [17|, p. 633. 

Corollary 1.9. Let k be a finite extension of Qp, let X = 0^ be Drinf eld's upper 
half-space, which is the complement of all k-rational hyperplanes in 1P^~"^, and let T C 
PGL„(fc) be a discrete cocompact subgroup acting without fixed points on fi^. One gets 
the quotient X-p = X/T, which is a proper smooth rigid- analytic variety over k. Let M 
he a representation of T on a finite- dimensional k-vector space, such that M admits a 
T -invariant Ok-lattice. R gives rise to a local system A^r of k-vector spaces on Xr- 
Then the twisted Hodge-de Rham spectral sequence 

H\Xr, ^ Mr) Kt'{Xr, Ox^ ® Mr) 

degenerates. 
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The proof of Theorem 11.61 follows the ideas of Andreatta and lovita, [2], in the crys- 
talline case. One uses a version of the Poincare lemma, which says here that one has an 
exact sequence of sheaves over Xproet, 

where we use slightly nonstandard notation. In [5] and [2], B^j^ would be called bJj^, 
and CB^pj^ would be called B^j^. This choice of notation is used because many sources 
do not consider sheaves like OB^j^, and agree with our notation in writing B^j^ for the 
sheaf that is sometimes called B^. We hope that the reader will find the notation not 
too confusing. 

Given this Poincare lemma, it only remains to calculate the cohomology of OB^j^, 
which turns out to be given by coherent cohomology through some explicit calculation. 
This finishes the proof of Theorem 11.61 We note that this proof is direct: All desired 
isomorphisms are proved by a direct argument, and not by producing a map between 
two cohomology theories and then proving that it has to be an isomorphism by abstract 
arguments. In fact, such arguments would not be available for us, as results like Poincare 
duality are not known for the p-adic etale cohomology of rigid-analytic varieties over p- 
adic fields. It also turns out that our methods are flexible enough to handle the relative 
case, and our results imply directly the corresponding results for proper smooth algebraic 
varieties, by suitable GAGA results. This gives for example the following result. 

Theorem 1.10. Let k be a discretely valued complete nonarchimedean extension of 
Qp with perfect residue field k, and let f : X ^ Y be a proper smooth morphism of 
smooth rigid- analytic varieties over k. Let he a lisse "Lp-sheaf on X which is de 
Rham, with associated filtered module with integrable connection (£',V,Fil'). Assume 
that -R*/proet*L is a lisse "Lp-sheaf on Y ; this holds true, for example, if the situation 
comes as the analytification of algebraic objects. 

Then i?*/pi-oct*IL' is de Rham, with associated filtered module with integrable connection 
given by R' fdR^{£,V,Fil'). 

We note that we make use of the full strength of the theory of perfectoid spaces, 
|18j . Apart from this, our argument is rather elementary and self-contained, making 
use of little more than basic rigid-analytic geometry, which we reformulate in terms 
of adic spaces, and basic almost mathematics. In particular, we work entirely on the 
generic flbre. This eliminates in particular any assumptions on the reduction type of our 
variety, and we do not need any version of de Jong's alterations, neither do we need log 
structures. The introduction of the pro-etale site makes all constructions functorial, and 
it also eliminates the need to talk about formal projective or formal inductive systems 
of sheaves, as was done e.g. in [9], [2]: All period sheaves are honest sheaves on the 
pro-etale site. 

Recently, a different proof of the de Rham comparison theorem for algebraic varieties 
was given by Beilinson, [3]. Apart from the idea of extracting many p-power roots to 
kill certain cohomology groups, we see no direct relation between the two approaches. 
We note that adapting Beilinson's approach to the rigid-analytic case seems to require 
at least Equation ([T]) as input: Modulo some details, the sheaf B^j^ will appear as the 
sheaf of constants of the derived de Rham complex, not just the constant sheaf as 
in Beilinson's case. This happens because there are no bounded algebraic functions on 
p-adic schemes, but of course there are such functions on affinoid subsets. Also, it looks 
difficult to get results with coefficients using Beilinson's approach, as the formulation of 
the condition for a lisse Zp-sheaf to be de Rham seems to be inherently a rigid-analytic 
condition. 
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Let us make some remarks about the content of the different sections. Some use- 
ful statements are cohected in Section [9l in particular concerning comparison with the 
algebraic theory. In Section [21 we prove a classification result for almost finitely gen- 
erated Oi^-modules, for nonarchimedean fields K whose valuation is nondiscrete. In 
Section [31 we introduce the pro-etale site and establish its basic properties. The most 
important features are that inverse limits of sheaves are often well-behaved on this site, 
i.e. higher inverse limits vanish, and that it gives a natural interpretation of continuous 
group cohomology, which may be of independent interest. Moreover, going from the 
etale to the pro-etale site does not change the cohomology. In Section [H we introduce 
structure sheaves on the pro-etale site and prove that they are well-behaved on a basis 
for the pro-etale topology, namely on the affinoid perfectoid subsets. This relies on the 
full strength of the theory of perfectoid spaces. In Section [5l we use this description 
to prove Theorem 11.11 and Theorem 11.31 as indicated earlier. In Section [6l we introduce 
some period sheaves on the pro-etale topology, and describe them explicitly. Given the 
results of Section [H this is rather elementary and explicit. In Section [71 we use these 
period sheaves to prove Theorem 11.51 ^^id parts of Theorem 11.61 Finally, in Section [8l 
we finish the proofs of Theorem 11.61 and Theorem 11.101 

Acknowledgments. Some of these results were announced in March 2011 at a 
conference at the IAS in Princeton, and the author wants to thank the organizers for 
the invitation to speak there. He would also like to thank Arthur Ogus and Martin 
Olsson for the invitation to speak about these results at Berkeley in September 2011. 
The author would like to thank Lorenzo Ramero for discussions related to the results of 
Section [21 which were inspired by reading Section 9.3 of [10], and overlap with it to some 
extent. Also, he would like to thank Kiran Kedlaya for discussions related to Theorem 
11.51 in particular for proposing the alternate characterization of M in Proposition 17.91 
The generalization of these results to general proper smooth rigid-analytic varieties was 
prompted by a question of Davesh Maulik, whom the author wishes to thank. Further, 
he wants to thank Ahmed Abbes, Pierre Colmez, Jean-Marc Fontaine, Ofer Gabber, 
Eugen Hellmann, Adrian lovita, Wieslawa Niziol, Michael Rapoport and Timo Richarz 
for helpful discussions. These results were the basis both for an ARGOS seminar in 
Bonn in the summer of 2011, and a lecture course in Bonn in the summer of 2012, and 
the author thanks the participants for working through this manuscript. This work was 
done while the author was a Clay Research Fellow. 

2. Almost finitely generated O-modules 

Let K he a nonarchimedean field, i.e. a topological field whose topology is induced by 
a nonarchimedean norm \ ■ \ : K ^ M>o. We assume that the value group F = \K^\ C 
]R>o is dense. Let O C K he the ring of integers, and fix vr € O some topologically 
nilpotent element, i.e. |7r| < 1. Using the logarithm with base |7r|, we identify M>o with 
R; this induces a valuation map v : K {oo} sending tt to 1. We write logF C M 

for the induced subgroup. For any r G logF we fix some element, formally written as 

€ K, such that |7r^| = |7r|''. 

In this setting, the maximal ideal m of (!? is generated by all tt^, e > 0, and satisfies 
= m. We consider the category of almost O-modules with respect to the ideal m, i.e. 
an O-module M is called almost zero if mM = 0: 

Definition 2.1. The category of O'^ -modules, or almost O-modules, is the quotient of 
the category of O-modules modulo the category of almost zero modules. 

We denote hy M the functor from O-modules to 0"-modules. 

Definition 2.2. Let M and N he two O-modules. For any e > 0, e G logF, we say 
that M if there are maps f^:M^N,g^:N^M such that f^g^ = g^f^ = vr^. 

Moreover, if M N for all e > 0, we write M ^ N. 
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Note that the relations ~e and ~ are symmetric, and transitive in the following sense: 
If M ~£ and N L, then M L. In particular, ~ is transitive in the usual 

sense. Also, note that M is almost zero if and only if M ~ 0. In general, for two 
O-modules M, iV, if = A^" as C-modules, then M ^ N, but the converse is not 
true. In this section, we will concentrate on the equivalence classes of the relation ~ 
instead of isomorphism classes of O'^-modules, which is slightly nonstandard in almost 
mathematics. For this reason, we will mostly work with honest O-modules instead of 
C*-modules, as the use of the latter will often not clarify the situation. 

Definition 2.3. Let M he an O-module. Then M is called almost finitely generated 
(resp. almost finitely presented) if for all e > 0, e G logT, there exists some finitely 
generated (resp. finitely presented) O-module N,, such that M N^. 

The property of being almost finitely generated (resp. presented) depends only on 
the ©"-module M", so that we may also talk about an C^-module being almost finitely 
generated (resp. presented). 

Example 2.4. (i) Recall that any finitely generated ideal of O is principal, so that O is 
coherent, i.e. any finitely generated submodule of a finitely presented module is again 
finitely presented. Now let r € M, r > and consider the ideal 

eSlog r,e>r' 

Then the inclusions O = tt^O C Ir for e > r show that O ~ Ir- However, one can check 
that /° is not isomorphic to O"" as O^-modules if r ^ logT. Note that all nonprincipal 
ideals of O are of the form I^, in particular all nonzero ideals I C O satisfy I ^ O, and 
hence are almost finitely presented. 

(ii) Let 7i, 72, • ■ ■ & ^>o, such that 7^ — > for i — )• oo. Then 

is almost finitely presented. 

The main theorem of this section is the following. 

Theorem 2.5. Let M be any almost finitely generated O-module. Then there exists a 
unique series 71 > 72 > • • • > 0/ real numbers such that 7i — )• for i — >• 00, and a 
unique integer r > 0, such that 

M^O'' ® O/L^^ © © . . . . 

First, we note that O is 'almost noetherian'. 

Proposition 2.6. Every almost finitely generated O-module is almost finitely presented. 

Proof. First, recall the following abstract result. 

Proposition 2.7 ([IT], Lemma 2.3.18). Let ^ M' ^ M ^ M" ^ be an exact 
sequence of O-modules. 

(i) If M is almost finitely generated, then M" is almost finitely generated. 

(ii) // M' and M" are almost finitely generated (resp. presented), then M is almost 
finitely generated (resp. presented). 

(iii) If M is almost finitely generated and M" is almost finitely presented, then M' is 
almost finitely generated. 

(iv) If M is almost finitely presented and M' is almost finitely generated, then M" is 
almost finitely presented. 



8 



PETER SCHOLZE 



Now let M be an almost finitely generated O-module; we want to show that it is 
almost finitely presented. We start with the case that M is generated by one element, 
M = O/I for some ideal I C O. By Example 12.41 (i), I is almost finitely generated, 
giving the claim by part (iv). 

Now assume that M is finitely generated, and let = Mq C Mi C . . . C = M 
be a filtration such that all Mi/Mi-i are generated by one element. Then by the 
previous result, all Mi/Mi^i are almost finitely presented, and hence M is almost finitely 
presented by part (ii). 

Finally, take M any almost finitely generated O-module. Let e > 0, e € logT, and 
choose Nf: finitely generated, M ~e ^e- Then N,^ is almost finitely presented, so there 
exists some finitely presented such that ~e -^e- Then M ~2e Lf^^ and letting e 0, 
we get the result. □ 

We note that it follows that any subquotient of an almost finitely generated O-module 
is almost finitely generated, so that in particular the category of almost finitely generated 
O-modules is abelian. 

The following proposition reduces the classification problem to the case of torsion 
modules. 

Proposition 2.8. (i) Let M he a finitely generated torsion-free O-module. Then M is 
free of finite rank. 

(ii) Let M be an almost finitely generated torsion-free O-module. Then M ~ C" for a 
unique integer r > 0. 

(iii) Let M be an almost finitely generated O-module. Then there exists a unique integer 
r > and an almost finitely generated torsion O-module N such that M ~ O^' © A^. 

Proof, (i) Let k be the residue field of O. Lifting a basis of the finite-dimensional k- 
vector space M (8) k, we get a surjection O"^ — > M. Assume that the kernel is nontrivial, 
and let / G O'' be in the kernel. Write / = ir^g for some 7 > 0, 7 € logF, such that 
g has nontrivial image in . This is possible, as greatest common divisors of finitely 
elements of O exist. Now g has nontrivial image in M, but ir'^g becomes in M, which 
means that M has torsion, which is a contradiction. 

(ii) By definition, for any e > 0, e G log F, there is some finitely generated submodule 
d M such that M N^. But then is finitely generated and torsion- free, hence 

free of finite rank. The rank is determined as the dimension r of the i^T-vector space 
M ®K. Hence M k,^N^ = C for all e > 0, giving the claim. 

(iii) Let A'^ C M be the torsion submodule, which is almost finitely generated by our 
previous results. Let M' = M/N, which is almost finitely generated and torsion-free, 
hence M' ~ O^ , where r is the dimension of M (8) i^. For any e > 0, e € logF, there is 
some Me such that M Mg and is an extension of O^ by N. As C is projective, 
M, ^ C © N, hence M O'' © N. Letting e 0, we get the result. 

□ 

Next, we discuss elementary divisors for finitely presented torsion O-modules, and 
then for almost finitely generated torsion O-modules. 

Definition 2.9. Let £°°(N)o be the space of sequences 7 = (71,72, . . .), 7j G M such that 
7i — ^ for i — )• 00. We endow it with the l°^-norm \\"f\\ = max(|7j|). Let ^^(N)o C 
^°°(N)o be the subspace of sequences for which 71 > 72 > • • • > 0. 

On ^^(N)o, introduce the majorization order > by saying that "f > ^ if and only if 
for all i > 1, 

71 + • • • + 7i > 7i + • • • + 7i ■ 
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Note that ^°°(N)o is complete for the norm 1| • 1|, and that ^5'(N)o C £~(N)o is a 
closed subspace. 

Proposition 2.10. (i) Let M be a finitely presented torsion O-module. Then there exist 
unique 7m,i > 7m,2 > ■ ■ ■ > 7M,k > 0, 'jM^i G logT, such that 

Write 7M = (7m,i, • • • , 7M,fc, 0, . . .) € (N)o, and set A(M) = 'Jm,! + • • • + 7M,fc, called 
the length of M. 

(ii) Let M , M' he finitely presented torsion O-modules. If M' is a subquotient of M , 
then ^M',i ^ lM,i for all i > 1. 

(iii) Let — ?> M' — )■ M ^ M" be an exact sequence of finitely presented torsion 
O-modules. Then A(M) = X{M') + X{M") andjM ^ 7m'+7m"> using the majorization 
order. 

(iv) Let M , M' he finitely presented torsion O-modules. Then M ~e M' if and only if 
WlM - IM'W < e- 

Proof, (i) Choose a short exact sequence ^ N ^ O'' ^ M ^ 0. Then N is finitely 
generated (as M is finitely presented) and torsion-free, hence free of finite rank. As 
M is torsion, the rank of A'^ is k, hence = O^. It follows that there is some matrix 
A G Mk{0) n GLk{K) such that M = coker A. But the Cartan decomposition 

Mk{0) n GLkiK) = U GLfc(O) diag(^^\ . . . , ^^'^■)GLfc(0) 

holds true over K with the usual proof: One defines vr'''* as the greatest common divisor 
of all entries of A, moves this entry to the lower-right corner, eliminates the lowest row 
and right-most column, and then proceeds by induction on k. We may thus replace A by 
a diagonal matrix with entries tt'^^ , • • • , vr'^'-' , and then the result is clear. For uniqueness, 
note that the jM,i are the jumps of the function mapping 7 > 0, 7 G logF, to 

dim«((7r^M) ®o k) . 

(ii) It is enough to deal with the case of submodules and quotients. Using the duality 
M I-)- llomo{M,K/0), one reduces the case of submodules to the case of quotients. 
Hence assume M' is a quotient of M and 7M',i > 7M,j for some i. Set 7 = jM',i and 
replace M and M' by M/ttT, resp. M'/ttT. Then 

7M,A: = 7M',A: = 7M',i = 7 

for k < i, but jm,! < 7- It follows that M' admits a direct summand L = {O/ir'^)^. 
The surjection M ^ L of O/vr '''-modules splits, hence L is a direct summand of M. But 
then jM,i > 7L,i = 7, contradiction. 

(iii) The additivity of A follows easily from the multiplicativity of the 0-th Fitting ideal, 
but one can phrase the proof more elementary as follows. It is easy to construct a 
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commutative exact diagram 







> O^' > > O^" > 



A! 



A" 



V > )■ > 



> M' > M > M" > 





Here, k = k' + k", the maps O^' — ?> O'^ are the inclusion of the first k' coordinates, 
and the maps — > are the projection to the last k" coordinates. In that case, 
A(M') = v{detA'), and similarly for M and M", and A is a block-upper triangular 
matrix with A' and A" on the diagonal, so that det A = det A' det A", giving the result. 

To show that 'Jm ^ 7m' + 7m") choose some integer i > 1, and let Mi C M be the 
direct sum 

Mi = O/vr'^A^,! ... O/tt'^a/., . 

Note that A(Mj) = 7m, i + . . . + jM,i- Define = Mj n M' and Aff as the image of Mi 
in M" . We get an exact sequence 

O^Ml^Mi^ M'i . 

From part (ii), it follows that 7m' j = for j > i by comparison to Af^, and 7a/' ,j ^ lM',j 
for all j. In particular, 

A(M-) < 7M',i + . . . + 7M',i • 

Similarly, 

A(Mf) <7Af",i + ...+7M",i • 
Now the desired inequality follows from additivity of A. 

(iv) If M M', there is a quotient L of Af such that vr'^Af' C L C M' . By coherence of 
O, L is finitely presented. Then 

lM,i > lL,i > liT-M'A = max(7M',i - e, 0) > -fM',i - e ■ 
By symmetry, we get W'^m — 7m'|I ^ ^- The other direction is obvious. 

□ 

Now we can go to the limit. 

Proposition 2.11. (i) There exists a unique map sending any almost finitely generated 
torsion O -module M to an element -jm £ ^>'(N)o that extends the definition for finitely 
presented M, and such that whenever M M' , then W'jm — 7m'|I ^ ^- 

oo 

A(Af) = J]]7M,i GM>oU{oo} . 

i=l 

(ii) Any almost finitely generated torsion O-module M with = (7i>72) • • •) satisfies 

M ^ om^ e e . . . . 

In particular, = if and only if M is almost zero. 
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(iii) If M , M' are almost finitely generated torsion O-modules such that M' is a subquo- 
tient of M , then ")M',i ^ lM,i for all i > 1. 

(iv) If ^ M' — 7> M ^ M" is an exact sequence of almost finitely generated 
torsion O-modules, then ^ 7a/' + 7m" the majorization order, and A(M) = 
X{M') + X{M"). 

(v) If in (iv), jM' = 7m, then M" is almost zero. Similarly, if = 7m"; then M' is 
almost zero. 

We call = (7Af,i,7M,25 • • •) the sequence of elementary divisors of M. 

Proof, (i) In order to define 7m, choose some sequence of finitely presented torsion O- 
modules such that M ~£ M^. Then by transitivity of ~ and part (iv) of the 
previous proposition, is a Cauchy sequence in ^°°(N)o, converging to an element 
7m £ ^>'(N)o- Clearly, the conditions given force this definition. Moreover, the inequal- 
ity ll7Af — 7m'|| < e for M M' follows by approximating by finitely presented torsion 
O-modules. 

(ii) Let denote the right-hand side. Then 77V = 7m- Choose some e > 0, e € logT, 
and finitely presented N^, as usual. Then ||7Ar^ — 7mJ| < 2e, hence 7si2e M^. It 
follows that K.^^ M, and we get the result as e — > 0. 

(iii) Follows by approximation from the finitely presented case. 

(iv) The majorization inequality follows by direct approximation from the finitely pre- 
sented case. For the additivity of A, we argue as follows. We know that A(M) < X{M') + 
A(M"), and we have to prove the reverse inequality. Let r' < A(M'), r" < \{M"), 
r', r" € M be any real numbers. Then there exists a finitely presented subquotient Mi 
of M inducing subquotients M[ and M{' of M' and M", sitting in an exact sequence 

^ M{ ^ Ml ^ M'{ , 

and such that A(M() > r', X[M'{) > r" . Indeed, first replace M by a large finitely 
generated submodule, and then take a large finitely presented quotient. Then let M2 C 
M[ be a finitely generated submodule with small quotient; we still have A(M2) > r' . 
One gets an induced quotient Ml^ = M1/M2, which has M(' as further quotient, so that 
A(M2 ) > r". Because O is coherent, M2 and M2 are finitely presented, and one finishes 
the proof by using additivity of A in the finitely presented case. 

(v) Using duality M 1— t- }ioino{M,K/0), we reduce to the second case. Note that if 
A(M) < 00, this is a direct consequence of additivity of A, and part (ii). In the general 
case, apply this reasoning to vr'^M and n'^M" for any e > 0: In general, we deduce from 
the classification result that 

7^€M,j = max(7M,i - e, 0) , 

hence 77reM = 7-k^m"- Moreover, only finitely many j-jr^M^ are nonzero, hence tt^M has 
finite length. It follows that M' D tt'^M is almost zero. But 

M' M' n ir'M , 

so that ||7m'|I ^ As e — )■ 0, this gives the result. 

□ 

This finishes the proof of the classification result. We will need the following appli- 
cation of these results. 

Lemma 2.12. Assume additionally that K is an algebraically closed field of character- 
istic p. Let Mfc be an O/ir'^-module for any k > 1, such that 

(i) Ml is almost finitely generated. 



12 PETER SCHOLZE 

(ii) There are maps pk '■ M^+i — >■ and : — > M^+i suc/i i/iat PkQk ■ ~^ is 
multiplication by tt, and such that 

IS exaci in the middle. 

(iii) There are isomorphisms 

compatible with pk, Qk- 

Then there exists some integer r > and isomorphisms of O"" -modules 

for all k, such that pk is carried to the obvious projection, is carried to the multipli- 
cation by TT-morphism, and ipk is carried to the coordinate-wise Frobenius map. 

Proof. We may assume that O is complete. From part (ii), we see by induction that 
Mfc is almost finitely generated for all k, and that ^ 7i + 7*4 for all k > 1. 

In particular, 7JV4 < k^Mi for all /c > 1. On the other hand, part (iii) implies that 
iMpk = PlMk- Taken together, this implies that 7^^ = k'jMi for all A; > 1. Let 
M[ C Mfc_|_i be the image of Mi, and M^ C M^ the image of M^+i. Then we have an 
exact sequence 

^ M( ^ Mfc+i ^ M^ ^ . 

It follows that 

{k + l)7Mi = 7Mfe+i < 7m( + 7m^ < 7Mi + 7A4 = {k + l)7Afi ■ 

Hence, all inequalities are equalities, and in particular 7^^/^ = 7^1 and 7^^/^ = ■jMk- By 
part (v) of the previous proposition, we get M[°' = Mf and M^" = M^, so that 

^ Mf ^ M^+i ^ 

is exact. By induction over j > 1, the sequence 

^ M; ^ Mfc\j. ^ Mfc" ^ 

is exact. Let M = Hm^Mfc. Taking the inverse limit over j in the previous exact 
sequence, we see that 

^ M" ^ M'' ^ M^ ^ 

is exact. This implies that M'^ is flat, and because Mf = M°'/tt is almost finitely 
generated and O is complete, also M" is almost flnitely generated, by the following 
lemma. 

Lemma 2.13. Let A be an O"^ -module such that A = ^un^^/vr*', and such that A/tt is 
almost finitely generated. Then A is almost finitely generated. 

Proof. Choose some < e < 1, e € logL, and some map C" — ?• A/tt whose kernel is 
annihilated by vr^. Take any lift / : ^ ^; we claim that the cokernel of O"^ ^ A is 
the same as the cokernel of C — )> A/n, in particular annihilated by tt^. Indeed, take 
any oq (z A with trivial image in the cokernel of — ?> A/tt. Then oq = /(a^o) + ^^1 
for some xq € C', bi S A. Let ai = vr'^^i. Then oq = /(xq) + 7r^~'^ai and oi has trivial 
image in the cokernel of — )• A/tt. In particular, we can repeat the argument with oq 
replaced by oi , which gives a vr-adically convergent series 

ao = f{xo + TT^-'xi + 7r2(i-^)x2 + ...), 
which shows that is in the image of /. □ 
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Now the ipk induce an isomorphism 99 : M ^o,ip O = M. Then (M (^K,Lp) = {K'', ip) 
for some integer r > 0: Over any ring R of characteristic p, locally free i?-modules N 
with an isomorphism N iSiR^ip R = N are equivalent to etale Fp-local systems over R; as 
K is algebraically closed, these are all trivial. Let M' C M K he the image of M; as 
M" is flat, = M'". Now M' C Mi^K = K"" is (/^-invariant, and because M" is almost 
finitely generated, there is some integer m > 1 such that ir'^O^ C M' C it~"^0^. By 
applying ip-^, we see that tt^/p'O'' C M' C vt-^/p'O'^ for all A; > 0, hence M'" ^ (O")^ 
compatibly with tp. This gives the desired statement. □ 

3. The pro-etale site 

First, let us recall some abstract nonsense about pro-objects of a category. For details, 
we refer to SGA 4 I, 8. 

Definition 3.1. Let C be a category, and let C = Funct(C, Set)°P with the fully faithful 
embedding C ^ C be its Yoneda completion. The category pro — C of pro-objects of C 
is the full subcategory of those objects of C which are small cofiltered inverse limits of 
representable objects. 

The category pro — C can be described equivalently as follows. 

Proposition 3.2. The category pro — C is equivalent to the category whose objects are 
functors F : I ^ C from small cofiltered index categories I and whose morphisms are 
given by 

Hom(F,G) =l^lii^Hom(F(i),G(j)) , 
J / 

for any F : I ^ C and G : J ^ C. 

In the following, we will use this second description and call F : I ^ C simply a 
formal cofiltered inverse system Fi, i G /. Note that cofiltered inverse limits exist in 
pro — C, cf. (dual of) SGA 4 I, Proposition 8.5.1: This amounts to combining a double 
inverse system into a single inverse system. 

Now let X be a locally noetherian scheme, or a locally noetherian adic space. We recall 
that an adic space is called locally noetherian if it is locally of the form Spa(^, A~^), where 
A is strongly noetherian, or A admits a noetherian ring of definition. As a consequence, 

Y ^ X is etale, then locally, Y is connected. This will be used in verifying that the 
pro-etale site is a site. 

As a first step, we consider the pro-finite etale site. Let Xf^t denote the category of 
spaces Y finite etale over X. For any U = limC/j G pro — Xf^i, we have the topological 
space \U\ = lim \Ui\. 

Definition 3.3. The pro-finite etale site Xp^ofct has as underlying category the category 
pro — Xfi5t. A covering is given by a family of open morphisms {fi : Ui — ?> U} such that 

\u\ = [j^fm\). 

We will mostly be using this category in the case that X is connected. In this case, fix 
a geometric base point x of X, so that we have the pro-finite fundamental group Tri{X, x): 
Finite etale covers of X are equivalent to finite sets with a continuous 7ri(X, 2;)-action|j 

Definition 3.4. For a profinite group G, let G — fsets denote the site whose underlying 
category is the category of finite sets S with continuous G-action, and a covering is 
given by a family of G-equivariant maps {fi : Si — )• S} such that S = [Jifi{Si). Let 
G — pfsets denote the site whose underlying category is the category of profinite sets 
S with continuous G-action, and a covering is given by a family of open continuous 
G-equivariant maps {fi : Si ^ S} such that S = \J- fi{Si). 



In particular in the case of adic spaces, one may consider more refined versions of the fundamental 
group, cf. e.g. [7], which will not be used here. 
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Proposition 3.5. Let X be a connected locally noetherian scheme or connected locally 
noetherian adic space. Then there is a canonical equivalence of sites 

Xproict = 7ri(X, x) - pfsets . 

Proof. The functor is given by sending Y = l^mYi X to S{Y) = S = l^m Sj , where 
Si is the fibre of x in YJ. Each Si carries a continuous 7ri(X, x)-action, giving such an 
action on S. Recalhng that every profinite set with continuous action by a profinite 
group G is in fact an inverse hmit of finite sets with continuous G-action, identifying 
G — pfsets = pro — (G — fsets), the equivalence of categories follows immediately from 
Xf^t = Tri{X, x) — fsets. 

We need to check that coverings are identified. For this, we have to show that a map 
y — )• Z in Xprofet is open if and only if the corresponding map S{Y) — > S{Z) is open. It 
is easy to see that if y — )• Z is open, then so is S{Y) — )• S{Z). Conversely, one reduces 
to the case of an open surjection S(Y) — > S{Z). 

Lemma 3.6. Let S S' be an open surjective map in G — pfsets for a profinite group 
G. Then S* — t- S" can be written as an inverse limit S = lim Tj — > S' , where each Ti is 
of the form Ti = Ai x S' , where Ai Bi is a surjection in G — fsets, and S' — t- Bi is 
some surjective map. Moreover, one can assume that S = lim Aj and S' = lim Bi . 

Proof. Write S = l^m Sj as an inverse limit of finite G-sets. The projection S ^ Si gives 
rise to finitely many open Uij C S, the preimages of the points of Si. Their open images 
form a cover of S' . We may take the refinement V-j, C S' given by all possible 
intersections of U^j^s. Taking the preimages Vij' of V-j, and again taking all possible 
intersections of Vij''s and ?7ij's, one gets an open cover Wik of 5, mapping to the open 
cover Vij' of <S", giving rise to finite G-equivariant quotients S ^ Ai and S' ^ Bi, and 
a surjective map Ai — > Bi, such that S ^ S' factors surjectively over Ai x ^- 5" — > S' . 
Now S is the inverse limit of these maps, giving the first claim. The last statements 
follow similarly from the construction. □ 

Using this structure result, one checks that if S{Y) — )• S{Z) is open and surjective, 
then y — > Z is open. □ 

Using the site G — pfsets, we get a site-theoretic interpretation of continuous group 
cohomology, as follows. Let M be any topological G-module. Associated to M, we 
define a sheaf J^m on G — pfsets by setting 

TM{S) = Rom,ont,G{S,M) . 

Checking that this is a sheaf is easy, using that the coverings maps are open to check 
that the continuity condition glues. 

Proposition 3.7. (i) Any continuous open surjective map 5 — >• 5' of profinite sets ad- 
mits a continuous splitting. 

(ii) For any S G — pfsets with free G-action, the functor T i— t- T{S^ on sheaves over 
G — pfsets is exact. 

(iii) We have a canonical isomorphism 

Wipt,TM) = HU,iG,M) 

for all i > 0. Here pt € G — pfsets is the one-point set with trivial G-action. 

Proof, (i) Use Lemma 13.61 Using the notation from the lemma, the set of splittings of 
Ai Bi IS a nonempty finite set, hence the inverse limit is also nonempty, and any 
compatible system of splittings Bi — > Ai gives rise to a continuous splitting S' — )■ 5. 
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(ii) We have the projection map S ^ S/G, an open surjective map of profinite topological 
spaces. By part (i), it admits a splitting, and hence S = S/G x G. In particular, any 
S with free G-action has the form S = T x G for a certain profinite set T with trivial 
G-action. We have to check that li F ^ F' is surjective, then so is F{S) — > F'{S). Let 
x' € F'{S) be any section. Locally, it lifts to F, i.e. there is a cover {Si — )■ S*}, which we 
may assume to be finite as 5 is quasicompact, and lifts Xj G F{Si) of x'^ = x'\s^ € F'{Si). 
Let Tj C Si be the preimage of T C 5; then Si = TixG and the Tj are profinite sets, with 
an open surjective family of maps {Tj T}. By part (i), this map splits continuously, 
hence {Si S} splits G-equivariantly, and by puUback we get x G F{S) mapping to x' . 

(iii) We use the cover G — )■ pt to compute the cohomology using the Cartan-Leray spec- 
tral sequence, cf. SGA 4 V Corollaire 3.3. Note that by our previous results, 

RT{G'',Fm) = Homeont,G(G",M) = Homeont(G""S M) 

for all n>l. The left-hand side is a term of the complex computing (pi, Fm) via the 
Cartan-Leray spectral sequence, the right-hand side is a term of the complex computing 
-^cont(G, M). One easily identifies the differentials, giving the claim. 

□ 

Corollary 3.8. The site G — pfsets has enough points, given by G-profinite sets S with 
free G-action. □ 

Now we define the whole pro-etale site Xproet ■ Note that U = lim C/j — ?> X in pro — X^t 
has an underlying topological space \U\ = lim \ Ui\. This allows us to put topological 
conditions in the following. 

Definition 3.9. A morphism U of objects of pro — X^t is called etale, resp. finite 
etale, if it is induced by an etale, resp. finite etale, morphism Uq Vq of objects in 
X^t, i.e. U = Uq Xy^-^V via some morphism V ^ Vq. A morphism U ^ V of objects of 
pro — X(5t is called pro-etale if it can be written as a cofiltered inverse limit U = l^m Ui 
of objects Ui ^ V etale over V , such that Ui — )■ Uj is finite etale and surjective for 
large i > j. Note that here Ui is itself a pro-object of X^t, and we use that the cofiltered 
inverse limit l^m Ui exists in pro — X^^. Such a presentation U = l^m Ui ^ V is called a 
pro-etale presentation. 

The pro-etale site Xproct ho,s as underlying category the full subcategory of pro — X(.t 
of objects that are pro-etale over X . Finally, a covering in Xproct is given by a family 
of pro-etale morphisms {fi : Ui U} such that \U\ = {Jifii\Ui\). 

We have the following lemma, which in particular verifies that Xpfoct is indeed a site. 

Lemma 3.10. (i) Let U,V,W G pro — X^t, o-'^d assume that U ^ V is etale, resp. 
finite etale, resp. pro-etale, and W ^ V is any morphism. Then U xy W exists in 
pro — X(.t, the map U Xy W ^ W is etale, resp. finite etale, resp. pro-etale, and the 
map \U Xy W\ \U\ X|y| \W\ of underlying topological spaces is surjective. 

(ii) A composition ofU^V^W of two etale, resp. finite etale, morphisms in pro—X^i 
is etale, resp. finite etale. 

(iii) Let U G pro— X^t cLnd let W C \U\ be a quasicompact open subset. Then there is some 
V G pro — X^t with an etale map V ^ U such that \V\ \U\ induces a homeomorphism 
\V\ = W. If U ^ Xproet) the following strengthening is true: One can take V G Xproct; 
and for any V G Xproet such that V ^ U factors over \W\ on topological spaces, the 
map V ^ U factors over V. 

(iv) Any pro-etale map U V in pro — X(,t is open. 

(v) A surjective etale, resp. surjective finite etale, map U ^ V in pro — X^^ with V G 
Xpi-oct comes via pullback along V ^ Vq from a surjective etale, resp. surjective finite 
etale, map Uq Vq of objects Uq, Vq G X^^. 
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(vi) Let U V W be pro-etale morphisms in pro — X^.^, and assume W S Xproct- 
Then U,V G ^proct ^Lnd the composition U ^ W is pro-etale. 

(vii) Arbitrary finite projective limits exist in Xpi-oet- 

Proof, (i) If U ^ V is etale, resp. finite etale, then by definition we reduce to the case 
that U,V & X(5t . Writing W as the inverse limit of Wi , we may assume that the map 
W ^ V comes from a compatible system of maps Wi — > V. Then U XyW = lim U xyWi 
exists, and U Xy W ^ W is hy definition again etale, resp. finite etale. On topological 
spaces, we have 

\U XyW\ = l^\U XyWi] ^1^1^71 X|y| \W^\ = \U\ X|y| \W\ , 

the first equality by definition, and the last because fibre products commute with inverse 
limits. But the middle map is surjective, because at each finite stage it is surjective with 
finite fibres, and inverse limits of nonempty finite sets are nonempty. In particular, the 
fibres are nonempty compact spaces. 

In the general case, take a pro-etale presentation U = l^mUi V. Then U Xy W = 
l^m Uj Xy W ^ W is pro-etale over W by what we have just proved. On topological 
spaces, we have 

\U XyW\ =lim\Ui XyW\ -^lim\Ui\ X\y\ \W\ = \U\ X\y\ \W\ 

by similar reasoning. The middle map is surjective on each finite level by our previous 
results, with fibres compact. Thus the fibres of the middle map are inverse limits of 
nonempty compact topological spaces, hence nonempty. 

(ii) Write V = Vq X\y^ W as a pullback of an etale, resp. finite etale, map Vq Wq in 
X^i. Moreover, write W = l^m Wi as an inverse limit of Wi G X^i, with a compatible 
system of maps Wi Wq for i large. Set Vi = Vq XwoWi] then V = ^ Vi. 

Now write U = Uq xy^V as a pullback of an etale, resp. finite etale, map Uq Vq in 
X^f The map V ^ Vq factors over Vi — )> Vq for i large. Now let Ui = Uq Xy^ Vi £ X^f 
This has an etale, resp. finite etale, map Ui Wi, and U = Ui xyy^ W. 

(iii) Write U as an inverse limit of U E X^t, let W be the preimage of Wi C \Ui\ for 
i sufficiently large. Then Wi corresponds to an open subspace Vi C Ui, and we take 
V = Vi Xjj. U . This clearly has the desired property. Moreover, if U = lim U is a pro- 
etale presentation, then so is the corresponding presentation of V. If V U factors 
over W, then V — )> Ui factors over Wi. Choosing a pro-etale presentation of V as the 
inverse limit of Vj, the map V — )■ Ui factors over Vj — )> Ui for j large; moreover, as the 
transition maps are surjective for large j, the map Vj U factors over Vi C U for j 
large. Then V' ^ U factors over Vi XlJ^U = V, as desired. 

(iv) Choose a pro-etale presentation U = lim Ui V, and let W C \U\ be a quasicompact 
open subset. It comes via pullback from a quasicompact open subset Wi C \Ui\ for some 
i, and if i is large enough so that all higher transition maps in the inverse limit are 
surjective, then the map W ^ Wi is surjective. Using parts (iii) and (ii), the image of 
Wi C \Ui\ — )■ \V\ can be written as the image of an etale map, so we are reduced to 
checking that the image of an etale map is open. 

Hence let U ^ V be any etale map, written as a pullback of Uq — )• Vq along V ^ Vq. 
Then the map \U\ \V\ factors as the composite \Uo xy^ V\ — )• \Uo\ x^y^^ \V\ \V\. 
The first map is surjective by (i), so it suffices to check that the image of the second 
map is open. For this, it is enough to check that the image of \Uq\ in |Vo| is open, but 
this is true because etale maps are open, cf. [12j . Proposition 1.7.8, in the adic case. 

(v) Write U ^ V as the pullback along V ^ Vq of some etale, resp. finite etale, 
map Uq ^ Vq, and take a pro-etale presentation of V as an inverse limit of Vi. We 
get a compatible system of maps — )> Vq for i large. Because the composite \U\ = 
\Uo V\ \Uo\ X|y-g| \V\ — > \V\, and hence the second map, is surjective, we know 
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that \V\ I Vol factors over the image of \Uq\ in |Vo|. But = ^im \ Vi\ with surjective 
transition maps for large i, hence also \Vi\ — >■ |Vo| factors over the image of |C/o| in |Vo| 
for some large i. Then C/q x^o — )■ is surjective and etale, resp. finite etale, as 
desired. 

(vi) We may write U ^ V as the composition U ^ Uq ^ V of an inverse system 
U = limC/j Uq of finite etale surjective maps Ui Uj — )> Uq, and an etale map 
Uq This reduces us to checking the assertion separately in the case that U ^ V 
is etale, or an inverse system of finite etale surjective maps. 

First, assume that U ^ V is etale. Then it comes via pull-back along V ^ Vq from 
some Uq — )■ Vq of objects C/q, Vq etale over X. We may choose a pro-etale presentation 
V = l^Vi W, and V ^ Vq is given by a compatible system of maps Vi Vq for 
i large. Then U = I^uiUq xy^ Vi. This description shows that U is pro-etale over W, 
using part (i). 

Using this reduction, we assume in the following that all maps U ^ V ^ W ^ X 
are inverse limits of finite etale surjective maps, and that X is connected. We want to 
show that all compositions are again inverse limits of finite etale surjective maps. This 
reduces to a simple exercise in Xprofet- 

(vii) We have to check that direct products and equalizers exist. The first case follows 
from (i) and (vi). To check for equalizers, one reduces to proving that if [/ — )■ X is 
pro-etale and y C C/ is an intersection of open and closed subsets, then V ^ X is 
pro-etale. Writing U = l^m Ui , we have V = limVi, where Vi C Ui is the image of V. 
As V is an intersection of open and closed subsets, and the transition maps are finite 
etale for large i, it follows that Vi C Ui is an intersection of open and closed subsets for 
large i. Since locally, Ui has only a finite number of connected components, it follows 
that Vi C Ui is open and closed for large i. Moreover, the transition maps Vi ^ Vj are 
by definition surjective, and finite etale for large i, j, as they are unions of connected 
components of the map Ui Uj. This shows that V is pro-etale over X, as desired. 

□ 

It is part (vii) which is the most nonformal part: One needs that any U € X^^ has 
locally on U only a finite number of connected components. 

Lemma 3.11. Under the fully faithful embedding of categories Xprofct C Xproctj o, mor- 
phism f : U ^ V in Xprofct is open if and only if it is pro-etale as a morphism in 
^proet- particular, the notions of coverings coincide, and there is a map of sites 

-^proet ^ ^profet • 

Proof. As pro-etale maps are open, we only have to prove the converse. This follows 
directly from Lemma 13.61 under the equivalence of Proposition 13.51 □ 

Proposition 3.12. Let X be a locally noetherian scheme or locally noetherian adic 
space. 

(i) Let U = l^mUi X be a pro-etale presentation of U ^ A'proet? such that all Ui are 
affinoid. Then U is a quasicompact object o/Xpfoct- 

(ii) The family of all objects U as in (i) is generating, and stable under fibre products. 

(iii) The topos associated to the site Xproct algebraic, cf. SGA 4 VI, Definition 2.3, 
and all U as in ii) are coherent, i.e. quasicompact and quasiseparated. 

(iv) An object U S A^pj-oct "is quasicompact, resp. quasiseparated, if and only if \U\ is 
quasicompact, resp. quasiseparated. 

{v)IfU^V is an inverse limit of surjective finite etale maps, then U is quasicompact, 
resp. quasiseparated, if and only if V is quasicompact, resp. quasiseparated. 
(vi) A morphism f : U ^ V of objects in Aproet is quasicompact, resp. quasiseparated, 
if and only if\f\ : \U\ — > \V\ is quasicompact, resp. quasiseparated. 
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(vii) The site -'^proct *s quasiseparated, resp. coherent, if and only if\X\ is quasiseparated, 
resp. coherent. 

Proof, (i) Each \Ui\ is a spectral space, and the transition maps are spectral. Hence 
the inverse limit \U\ = ^m|C/j| is a spectral space, and in particular quasicompact. As 
pro-etale maps are open, this gives the claim. 

(ii) Any U E -'^proet can be covered by smaller U' that are of the form given in (i), using 
that preimages of affinoids under finite etale maps are again affinoids. This shows that 
the family is generating, and it is obviously stable under fibre products. 

(iii) Using the criterion of SGA 4 VI Proposition 2.1, we see that X^^oet is locally algebraic 
and all U as in (i) are coherent. We check the criterion of SGA 4 VI Proposition 2.2 
by restricting to the class of U as in (i) that have the additional property that U ^ X 
factors over an affinoid open subset Uq of X. It consists of coherent objects and is still 
generating, and because U xx U = U X{/q[/, one also checks property (i ter). 

(iv) Use SGA 4 VI Proposition 1.3 to see that if \U\ is quasicompact, then so is U, by 
covering [/ by a finite number of open subsets Ui <ZU of the form given in (i). Conversely, 
if U is quasicompact, any open cover of |?7| induces a cover of U , which by definition 
has a finite subcover, inducing a finite subcover of so that \U\ is quasicompact. 

Now take any ?7, and cover it by open subsets Ui C U, the Ui as in (i). Using 
SGA 4 VI Corollaire 1.17, we see that U is quasiseparated if and only if all Ui Xjj Uj 
are quasicompact if and only if all \Ui\ X|^| \Uj\ are quasicompact if and only if \U\ is 
quasiseparated. 

(v) Use SGA 4 VI Corollaire 2.6 to show that U V is a coherent morphism, by 
covering V by inverse limits of affinoids as in (i): they are coherent, and their inverse 
images are again inverse limits of affinoids, hence coherent. Hence Proposition SGA 4 
VI Proposition 1.14 (ii) shows that V quasicompact, resp. quasiseparated, implies U 
quasicompact, resp. quasiseparated. 

Conversely, if U is quasicompact, take any open cover of \V\; this gives an open cover 
of |?7| which has a finite subcover. But the corresponding finite subcover of |y| has to 
cover \V\, hence \V\ is quasicompact. Arguing similarly shows that U quasiseparated 
implies V quasiseparated. 

(vi) This follows from (iii), (iv) and SGA 4 VI Corollaire 2.6. 

(vii) This follows from (iii), (iv) and the definition of quasiseparated, resp. coherent, 
sites. 

□ 

Moreover, the site Xproet is clearly functorial in X. Let us denote by T~ the topos 
associated to a site T. If X is quasiseparated, one can also consider the subsite Xproctqc C 
Xproet consisting of quasicompact objects in Xpi-octj the associated topoi are the same. 

Proposition 3.13. Let x £ X, corresponding to a map Y = Spa{K, K^) — )■ X, resp. 
Y = Spec{K) X, into X^ Then there is a morphism of topoi 

7 ■ Y"^ — ^ 

<'X ■ profet ' ^'■proct ' 

such that the pullback of T £ ^j^oet ^-^ sheafification i*T of the functor 

Iw^ T{U) , 

where U G ^procti V —?■ U is a map compatible with the projections to Y X . 

If for all points x, i%J- = 0, then T = 0. In particular, Xproet has enough points, 
given by profinite covers of geometric points. 



'We note that in the case of adic spaces, the image of Y may be larger than x itself. 
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Remark 3.14. It is not enough to check stalks at geometric points: One has to include 
the profinite covers of geometric points to get a conservative family. 

Proof. We leave the construction of the morphism of topoi to the reader: One reduces 
to the case that X is affinoid, in particular quasiseparated. Then there is a morphism 
of sites l"profet " ^ ^proetqc, induced from the taking the fibre of [/ € -'^^proetqc above x. 

Now let be a sheaf on Xpj-oet such that i*J^ = for all x € X. Assume that there 
is some U € Xproet with two distinct sections si,S2 G ^{U). We may assume that U is 
quasicompact. Take any point x ^ X and let S be the preimage of x in U . It suffices 
to see that there is a pro-etale map V ^ U with image containing 5 such that s\ and 
S2 become identical on V . The preimage S oi x corresponds to a pro-finite etale cover 

S G Fprofet, S^U. 

Now we use that si and S2 become identical in {i^J-)[S). This says that there is a 
pro-etale cover 5' — )• 5 in yprofct and some V G ^proeti V ^ U ^ with a lift S' such 
that si and S2 become identical in F(y). We get the following situation: 

5' >V 

S >U 



Y >X 

Here both projections V ^ X and U ^ X are pro-etale, and the map «S" — ?> 5 is a 
pro- finite etale cover. 

By the usual arguments, one reduces to the case that \J and V are cofiltered inverse 
limits of finite etale surjective maps. Moreover, one may assume that X is connected, 
and we choose a geometric point x above x. Let 5^, S'^ be the fibres of S and 5" 
above x. Now U,V & -^profet correspond to profinite 7ri(X, a;)-sets S{U), S{V). In fact, 
S{U) = 5s, and 5^ C S{V). Consider the subset T = 7ri{X,x)S'g C S{V), and let 
V C V he the corresponding subset. Since 5' —> 5 is a pro-finite etale cover, S'^ — > Sx 
is an open surjective map, hence so is the map S{V') = T — )• S{U) = Sx. This means 
that the map V U is pro-etale. Since si and S2 are identical in J^iV'), this finishes 
the proof that J-" = 0. 

For the last assertion, use that l^rofct has enough points. □ 

We will need a lemma about the behaviour of the pro-etale site under change of base 
field. Assume that X lives over a field K, i.e. X — )• SpecK, resp. X — )• Spa{K, K~^), 
and let L/K be a separable extension (with C L the integral closure of in the 
adic case). Let Xl = X XspecK SpecL, resp. X^ = X y<Spa.{K,K+) Spa(L,L"'"). We may 
also define an object of Xproet) by taking the inverse limit of X^^ £ X^^ where Li C L 
runs through the finite extensions of K. By abuse of notation, we denote by the same 
symbol Xl G -'^^proet this formal inverse limit. 

Then, we may consider the localized site X^^q^i/Xl of objects with a structure map 
to Xl, and the induced covers. One immediately checks the following result. 

Proposition 3.15. There is an equivalence of sites X^^^pi-oct — ^proct/^L- D 

There is the natural projection u : Xproct ^ct- Using it, we state some general 
comparison isomorphisms between the etale and pro-etale site. 

Lemma 3.16. Let J- be an ahelian sheaf on X(.^. For any quasicompact and quasisepa- 
rated U = lim Uj G Xproet ciiT-d any i > 0, we have 

H\U,iJ*T) =\\^H\Uj,T) . 
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Proof. One may assume that J- is injective, and that X is qcqs. Let us work with 
the site Xproetqc! as it has the same associated topos, this is allowed. Let J- be the 
presheaf on Xproetqc given by T{V) = lm^T{Vj), where V = ^^Vj. Obviously, z/*J^ 
is the sheaf associated to J^. We have to show that is a sheaf with H^(y,J-) = 
for all V € Xproetqc and i > 0. Using SGA 4 V Proposition 4.3, equivalence of (i) and 
(iii), we have to check that for any U S ^proctqc with a pro-etale covering by Vfc — ?> C/, 
Vfc G ^proetqc) the Corresponding Cech complex 

^ :f{u) ^ Yl f{Vk) ^ n -^(^^ X [/ VfcO ^ • • • 

k k,k' 

is exact. This shows in the first step that J- is separated; in the second step that is 
a sheaf; in the third step that all higher cohomology groups vanish. 

We may pass to a finite subcover because U is quasicompact; this may be combined 
into a single morphism V ^ U. Now take a pro-etale presentation V = ^imV; — )■ U. 

Then Vi ^ U is an etale cover for large I. Since ^(V^) = linjJ^jVi), the Cech complex for 
the covering V ^ U is the direct limit of the Cech complexes for the coverings V/ — )■ C/. 
This reduces us to the case that V U is etale. 

Choose Vj Uj etale such that V = Vj xjj. U. Then denoting for j' > j by Vj' Uji 
the pullback of Vj — ?> Uj, Vj' Uj' is an etale cover for large j', and the Cech complex 
for y — 7- [/ is the direct limit over j' of the Cech complexes for Vj' — ?• Uj'. This reduces 
us to checking exactness of the Cech complexes for the covers Vj' — ?> Uj'. But this is just 
the acyclicity of the injective sheaf J- on X^^. □ 

Corollary 3.17. (i) For any sheaf on X^t, the adjunction morphism T — )• Rv^v*T is 
an isomorphism. 

(ii) Let f : X ^ Y be a quasicompact and quasiseparated morphism. Then for any sheaf 
T on X|5t, the base-change morphism 

associated to the diagram 



Y . ■ Y 

Uproot ' ^1 



et 



/"proet 



/ct 



proet 



et 



is an isomorphism. 



Proof, (i) We recall that for any i > 0, R''v^v*F is the sheaf on X(.^ associated to the 
presheaf U i— ?• H'' [U , u* J-) , where in the last expression U is considered as an element 
of Xproet- Hence the last lemma already implies that we get an isomorphism for i = 0. 
Moreover, in degree i > 0, the lemma says that if U is qcqs, then H^{U, = H^{U, J-). 
But any section of H^{U,F) vanishes locally in the etale topology, so that the associated 
sheaf is trivial. 

(ii) One checks that for any i > 0, the i-th cohomology sheaf of both sides is the sheafi- 



fication of the presheaf taking a quasicompact and quasiseparated U 
to 

\iraH\Uj xy X, J") . 



^m 



m [/,■ 



Y 



□ 



Part (i) implies that u* gives a fully faithful embedding from abelian sheaves on X^^^ 
to abelian sheaves on X^^oet^ and we will sometimes confuse a sheaf J- on X^t with its 
natural extension to Xproet- 
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One useful property of the pro-etale site is that inverse hmits are often exact. This is 
in stark contrast with the usual etale site, the difference being that property (ii) of the 
following lemma is rarely true on the etale site. 

Lemma 3.18. Let J-^, i E N, 6e an inverse system of abelian sheaves on a site T. 
Assume that there is a basis B for the site T , such that for any U G B, the following 
two conditions hold: 

(i) The higher inverse limit \^mTi{U) = vanishes. 

(ii) All cohomology groups H^{U,Ti) = vanish for j > 0. 

Then l^mJ-j = for j > and { l^m J^i){U) = l^m J^i{U) for all U G T. Moreover, 
W{U, l^Ti) = forU eB and j > 0. 

Proof. Consider the composition of functors 

Sh^ ^ PreSh^ ^ PreSh ^ Sh . 

Here the first is the forgetful functor, the second is the inverse limit functor on presheaves, 
and the last is the sheafification functor. The first functor has the exact left adjoint given 
by sheafification, so that it preserves injectives and one sees that upon taking the de- 
rived functors, the conditions guarantee that for U (z B, all (R^ l^mTi){U) vanish for 
j > 0: They do before the last sheafification, hence they do after the sheafification. This 
already shows that all higher inverse limits R^ lim J-i, j > 0, vanish. Because an inverse 
limit of sheaves calculated as presheaves is again a sheaf, the description of ^imJ^j is 
always true. 

For the last statement, consider the commutative diagram 

Sh^^ > PreSh^ 



Sh > PreSh 

expressing that the inverse limit of sheaves calculated on the level of presheaves is a sheaf. 
Going over the upper right corner, we have checked that the higher derived functors of 
the composite map are zero for i > on sections over U & B. As the left vertical 
functor has an exact left adjoint giving by taking a sheaf to the constant inverse limit, it 
preserves injectives, and we have a Grothendieck spectral sequence for the composition 
over the lower left corner. There are no higher derived functors appearing for the left 
vertical functor, by what we have proved. Hence this gives (U,\^mTi) = for j > 
and U eB. □ 

4. Structure sheaves on the pro-etale site 

Definition 4.1. Let X be a locally noetherian adic space over Spa(Qp,Zp). Consider 
the following sheaves on Xp^^ct- 

(i) The (uncompleted) structure sheaf Ox = i'*Ox-^, with subring of integral elements 

(ii) The integral completed structure sheaf = limOj/p", and the completed structure 
sheaf Ox = 6+ i^]. ^ 

Lemma 4.2. Let X be a locally noetherian adic space over Spa(Qp,Zp), and let U G 

-^proet ■ 

(i) For any x S \U\, we have a natural continuous valuation f i— )• |/(a;)| on OxiU). 

(ii) We have 

0+{U) = {/ € Ox{U) I Vx € \U\ : |/(x)| < 1} . 
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(iii) For any n>l, the map of sheaves Oj^/p^ — ?• Oj^/p^ is an isomorphism, and (D]^{U) 
is flat over I^p and p-adically complete. 

iiw) For any x € \U\, the valuation f i-^ \f{x)\ extends to a continuous valuation on 

OxiU). 

(v) We have 

d+{U) = {/ G dx{U) I Vx G \U\ : |/(x)| < 1} . 
In particular, (D^{U) C Ox{U) is integrally closed. 

Proof. All assertions are local in f/, so we may assume that U is quasicompact and 
quasiseparated. We choose a pro-etale presentation U = ^imC/j X. 

(i) A point x G \U\ is given by a sequence of points Xi G giving a compatible system 
of continuous valuations on Oxi,SUi) = Ox{Ui). But 

Ox{U) = {u*OxJ{U) = limOxiUi) , 

so these valuations combine into a continuous valuation on OxiU). 

(ii) Assume i is large enough so that \U\ — > \Ui\ is surjective, and / G Ox{U) is the 
image of fi G Ox{Ui). Then the condition \f{x)\ < 1 for all x G \U\ implies \fi{xi)\ < 1 
for ah Xi G \Ui\, whence fi G 0^{Ui), so that / G O'^iU). Conversely, if / G 0^{U), 
then it comes as the image of some fi G ©^(C/i), and it lies in the right-hand side. 

(iii) This follows formally from flatness of over Zp. 

(iv) To define the desired valuation on / G 0'^{U), represent it as the inverse system of 
/„ G It makes sense to talk about max(|/„(x)|, IpI"): Cover U so that /„ 
lifts to some fn G Oj^; then the valuation will depend on the preimage i of x in 
the cover, but the expression max(|/„(x)|, Ipl*^) does not. If max(|/„(x)|, > for 
some n, then we define |/(x)| = otherwise, we set = 0. One easily checks 
that this is well-defined and continuous. Clearly, it extends to OxiU). 

(v) By definition, the left-hand side is contained in the right-hand side. For the converse, 
note that since U is quasicompact and quasiseparated, we have Ox{U) = 0^{U)[^]. 

This reduces us to checking that if / G 0^{U) satisfies \f{x)\ < |p|" for all x G \U\, 
then / G p"'0~^{U). For this, one may use part (iii) to write / = /o +P^g for some 
/o G 0^{U), g G p'^0~^{U) over some cover U of U. Then we see that |/o(5i)| < for 
all X G f/, and hence by part (ii), /o G p'^0\{tj). 

□ 

We caution the reader that we do not know whether OxiU) C OxiU) is always 
dense with respect to the topology on OxiU) having p"C'^([/), n > 0, as a basis of 
open neighborhoods of 0. This amounts to asking whether 0^iU)/p'^ — >■ 0^(C/)/p" is 
an isomorphism for all n > 1, or whether one could define OxiU) as the completion 
of OxiU) with respect to the topology having p"0^(?7), n > 0, as a basis of open 
neighborhoods of 0. In a similar vein, we ignore whether for all U G Xproet; the triple 
(|C/|, Ox||(7|> (I • ix)\ I X G \U\)) is an adic space. Here Ojcliu"! denotes the restriction of 
Ox to the site of open subsets of \U\. 

However, we will check next that there is a basis for the pro-etale topology where these 
statements are true. For simplicity, let us work over a perfectoid field K of characteristic 
with an open and bounded valuation subring K'^ C K, and let X over SpaiK, K~^) 
be a locally noetherian adic space. As in the Section [2l we write F = \K^\ C M>o, and 
identify M>o with M using the logarithm with base \p\. For any r G logF C M, we choose 
an element, written p'^ K, such that = 
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Definition 4.3. Let U € ^proct- 

(i) We say that U is affinoid perfectoid ifU has a pro-etale presentation U = Ui ^ X 
by affinoid Ui = Spa{Ri, Rf ) such that, denoting by R'^ thep-adic completion of lin^ Rf , 
and R = the pair {R, R~^) is a perfectoid affinoid {K, K^) -algebra. 

(ii) We say that U is perfectoid if it has an open cover by affinoid perfectoid V C U. 
Here, recall that quasicompact open subsets of U ^ ^proct naturally give rise to objects 

in ^proct' 

Example 4.4. If 

X = T" = Spa(ir(r±\ . . . , r±i), i^+(r±\ . . . , r±i)) , 

then the inverse hmit T" € X^^oct of the 

m > 0, is affinoid perfectoid. 

To an affinoid perfectoid U as in (i), one associates U = Spa{R, R'^), an affinoid 
perfectoid space over K. One immediately checks that it is well-defined, i.e. independent 
of the pro-etale presentation U = l^m Uj . Also, U ^ U defines a functor from affinoid 
perfectoid U G -'^proet to afhnoid perfectoid spaces over K. Moreover, if U is affinoid 
perfectoid and U = ^m Ui is a pro-etale presentation, then U ~ ^m Ui in the sense of 
[18] . in particular \U\ = \U\. 

Lemma 4.5. Let U = lim Uj G -'Uproot) Ui = Spa{Ri, Rf), be affinoid perfectoid, with a 
pro-etale presentation. Let {R,R^) be the completion of the direct limit of the {Ri,Rf), 
so that U = Spa{R,R+). 

Assume that Vi = Spa{Si,S^) Ui is an etale map which can be written as a 
composition of rational subsets and finite etale maps. For j > i, write Vj = ViXi/. Uj = 
Spa{Sj, Sj~), and V = Vi xij. U = ^nnV^- G Xp^oet- Let Aj be the p-adic completion of 
the p-torsion free quotient of Sj~ R^ ■ Then 

(i) The completion (S, 5+) of the direct limit of the {Sj,Sj') is a perfectoid affinoid 
[K, K~^)-algebra. In particular, V is affinoid perfectoid. Moreover, V = Vj Xjj. U in the 
category of adic spaces over K, and S = Aj[^] for any j > i. 

(ii) For any j > i, the cokernel of the map Aj — )■ is annihilated by some power p^ of 
p. 

(iii) Let e > 0, e G logT. Then there exists some j such that the cokernel of the map 
Aj —7- is annihilated by p'^ . 

Proof. Clearly, one can separately treat the cases where Vi C C/j is a rational subset and 
where Vi ^ Ui is finite etale. 

Assume first that Vi C Uis a rational subset, given by certain functions /i, ...,/„,, g G 
Ri. By pullback, it induces a rational subset W of U. Let 

{T,T+) = {0^{W),Of{W)) . 

Then {T,T+) is a perfectoid affinoid (/C, + )-algebra by Theorem 6.3 (ii) of [H], = 
Spa(r, T"*"). Recall that for perfectoid affinoid (K, K+)-algebras {A,A'^), A"*" is open 
and bounded, i.e. carries the p-adic topology. Let Rjo C i?^ be an open and bounded 
subring. Then 

Sjo = Rjo{—, . . . , — ) C Sj' 
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is an open and bounded subring. If we give Tj = Sj (S>Rj R its natural topology making 
the image of Sjq ^r^q open and bounded, and let Tj^ C Tj be the integral closure 
of the image of 5+ <g)^+ then Spa{Tj,T^) is the fibre product Vj Xu^ U = W. By 
the universal property of {T,T~^), we find that {TjT'^) is the completion of (Tj,T^). 
In particular, the natural topology on Tj makes Tj~ open and bounded (as this is true 
after completion, T being perfectoid). Hence, the natural topology on Tj agrees with 
the topology making the image of Sf ®p+ open and bounded, as 

im{Sjo ®R^, R+ ^ Tj) C im(5+ i?+ ^ Tj) C T+ . 

In particular, T = Aj[p~^]. As T^ C T is bounded, we also find that the cokernel of 
Aj T"*" is killed by some power of p. 

Next, we claim that = T"*", hence also S = T. We have to show that /p^ = 
lirn Sj' /p" — >■ T~^ /p'^ is an isomorphism for all n. AsW ^ Vj is surjective for j large, the 
map from Sj' /p^ to T~^ /p^ is injective for large j, hence so is the map /p^ — ?> T'^ jp^ . 
For surjectivity, take / G T"*". After multiplying by p^, it is the image of some element 
of S^®„+R'^, which we can approximate hy g G Sf modulo p"+^ if j is large enough, 

as R'^/p'^'^^ = lin^Rj' /p"'~^^ . Then g G p^ (by surjectivity oiW ^Vj for j large), 
and writing g = p^h, h G S^, we find that h = f modulo p^T'^ . 

It remains to see that for any e > 0, there exists some j such that the cokernel 
of Aj —7- T"*" is annihilated by p^. For this, it suffices to exhibit a subalgebra T^ C 
T"^, topologically finitely generated over i?"*", whose cokernel is annihilated by p*": Any 
generator can be approximated modulo p^ by an element of for j large enough, so 
that for j very large, r+ will be in the image of Aj. 

The existence of such subalgebras is an abstract question about perfectoid spaces. It 
follows from Lemma 6.4 of [TH]: In the notation of that lemma, the subalgebras 




for ?Ti > have the desired property. 

Now assume that V ^ U \s finite etale. In that case, 5^ is a finite etale -Rj-algebra for 
all j, and the almost purity theorem [18], Theorem 7.9 (iii), shows that T = Sj ®r. R 
is a perfectoid i^'-algebra. Let T~^ be the integral closure of i?"*" in T. By [TS], Lemma 
7.3 (iv) and Proposition 7.10, Spa(T, T"*") is the fibre product Vj xij. U. Then the proof 
of parts (i) and (ii) goes through as before. For part (iii), it suffices to check that one 
can find subalgebras T+ C T"*" topologically finitely generated over such that the 
cokernel is annihilated by p^. In this case, this follows from the stronger statement 
that T'^'^ = T°" is a uniformly almost finitely generated R'^'^ = ii°"-module, cf. [18j , 
Theorem 7.9 (iii). □ 

In particular, this implies that the functor U U is compatible with open embed- 
dings, and one can extend the functor to a functor U ^ U from perfectoid U G -'^proet 
to perfectoid spaces over K. 

Lemma 4.6. Let U G ^proet be perfectoid. For any V ^ U pro-etale, also V is 
perfectoid. 

Proof. We may assume that U is affinoid perfectoid, given as the inverse limit of Ui = 
Spa{Ri, Rf). Moreover, factor V ^ U as the composition V ^ Vq ^ U oi an inverse 
limit of finite etale surjective maps V = l^m Vj — )■ Vq and an etale map Vq — )• C/. The 
latter is locally the composite of a rational subset of a finite etale cover. These cases 
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have already been dealt with, so we can assume that Vq = U, i.e. V is an inverse limit 
of finite etale surjective maps. 

For any j, Vj comes as the pullback of some finite etale cover Vij = Spa{Sij,S^j) 
of Ui. For any j, the completion {Sj,Sj~) of the direct limit over i of the {Sij,S^j) is 
perfectoid afhnoid by the previous lemma. It follows that the completion of the direct 
limit over i and j of {Sij, S^) is the completion of the direct limit of the {Sj, Sj'). But the 
completion of a direct limit of perfectoid affinoid {K, K^)-Silgebras is again perfectoid 
affinoid. □ 

Corollary 4.7. Assume that X is smooth overSpa,{K,K~^). Then the set ofU Xproct 
which are affinoid perfectoid form a basis for the topology. 

Proof. If X = T", then we have constructed an explicit cover of X by an affinoid 
perfectoid T" E ^proct- By the last lemma, anything pro-etale over again has a basis 
of affinoid perfectoid subspaces, giving the claim in this case: Any U G ^proet is covered 
hy U Xfn T", which is pro-etale over T*^. 

In general, X locally admits an etale map to T", cf. [12], Corollary 1.6.10, reducing 
us to this case. □ 

This corollary is all we will need, but a result of Colmez, [6], shows that the statement 
is true in full generality. 

Proposition 4.8. Let X be a locally noetherian adic space over Spa{K, K'^). Then the 
set of U G ^proct which are affinoid perfectoid form a basis for the topology. 

Proof. We may assume that X = Spa(^,^"*~), where A has no nontrivial idempotents. 
It is enough to find a sequence Ai/A of finite etale extensions, such that, denoting by Af 
the integral closure of A'^ in Af , the completion [B, B^) of the direct limit of {Ai, Af) 
is perfectoid affinoid. Here, we put the p-adic topology on the direct limit of the Af ^ 
even though all Af may not carry the p-adic topology. Using Proposition \'d.lb\ we may 
assume that K is algebraically closed. 

Now we follow the construction of Colmez, [6], §4.4. The construction is to iterate 
adjoining p-th roots of all 1-units 1 + A°°; here A°° C A'^ denotes the subset of topologi- 
cally nilpotent elements. Note that Colmez works in a setup which amounts to assuming 
that A'^ has the p-adic topology; however, 

(1 + ^°°) /(I + A°°Y ^ (1 + i°°) /(I + A°°Y , 

where A = with A'^ the p-adic completion of . This means that adjoining 

the p-th roots to A first and then completing is the same as first completing and then 
adjoining the p-th roots. Colmez shows that repeating this construction produces a 
sympathetic iC-algebra, and sympathetic i^-algebras are perfectoid by [6], Lemma 1.15 
(ih). □ 

Using the construction of the previous proposition, we prove the following theorem. 

Theorem 4.9. Let X = Spa(A, A"*") he an affinoid connected noetherian adic space over 
Spa(Qp,Zj,). Then X is a K{'k,\) for p-torsion coefficients, i.e. for all p-torsion local 
systems L on X^t, the natural map 

Hi,^,{7ri{X,x),U) ^ H'{X,„h) 

is an isomorphism, where x G X is a geometric point, and vri(X, x) denotes the profinite 
etale fundamental group. 

Proof. We have to show that the natural map 

H\X,i,,l.) ^ H\X,,,l.) 
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is an isomorphism. For this, let / : X^^ — >■ Xf^^ be the natural map of sites; then it 
is enough to show that R^f^h = for i > 0, and /*L = L. The second property is 
clear. It remains to show that for any U X, which we may assume to be connected, 
any cohomology class of H^{Uct,^) can be killed by a finite etale cover of U. Renaming 
U = X, we have to show that any cohomology class of H^{X^t,^) can be killed by a 
finite etale cover. For this, we can assume that L is trivial (by passing to the cover 
trivializing L), and then that L = Fp. 

Now we argue with the universal cover of X. Let A^o be a direct limit of faithfully 
flat finite etale ^-algebras Ai C ^oo; such that A^o has no nontrivial idempotents, and 
such that any faithfully flat finite etale ^oo-algebra has a section. Let A^ C A^q be the 
integral closure of A^, and let {Aoo,A'^) be the completion of {Aoo,A'^), for the p-adic 
topology on ^4+ . Then {Aoo,A'^) is a perfectoid affinoid Cp-algebra (which can either 
be easily checked directly, or deduced from the proof of the previous proposition and the 
almost purity theorem). Let X^o = Spa{Aao, A^), which is a perfectoid space over Cp. 
Moreover, Xoo ~ lim-^j in the sense of |18| Definition 7.14], where Xi = Spa{Ai, Af) 
X is finite etale. Then by |18[ Corollary 7.18], we have 

W{X^^,„]L)=lm^H\X,^,„]L) 

for all j > 0. We see that it is enough to prove that {Xoo,ct^^) = for j > 0. 

For this, we argue with the tilt X^ of Xqc. Recall that we have reduced to the case 
L = Fp. We have the Artin - Schreier sequence 

on = Xoo^et- Taking cohomology, we see that {Xoc,6t^^p) = for j > 2, and 

^ Fp ^ ^ ^ //i(Xoo,ct,Fp) ^ 

However, as A^q has no nontrivial finite etale covers, also A^o has no nontrivial finite 
etale covers (cf. e.g. [18|. Lemma 7.5 (i)]), and thus A'^ has no nontrivial finite etale 
covers, by |18|. Theorem 5.25]. This implies that the Artin - Schreier map A'^ — >■ A'^ is 
surjective, giving H^{Xao^^t,^p) = 0, as desired. □ 

Lemma 4.10. Assume that U € Xproet is affinoid perfectoid, with U = Spa{R, R^). 
In the following, use the almost setting with respect to K'^ and the ideal of topologically 
nilpotent elements. 

(i) For any nonzero b € , we have 0^{U)/b = R^ /b, and this is almost equal to 
{0+/b){U). 

(ii) The image of {0^/bi){U) in {0~^/b2){U) is equal to R'^ /b2 for any nonzero 61,62 G 

such that \bi\ < \b2\- 

(iii) We have d+{U) = R+ , OxiU) = R. 

(iv) The ring 0^{U) is the p-adic completion ofO^{U). 

(v) The cohomology groups H'^{U,0^) are almost zero for i > 0. 

In particular, for any perfectoid U G Uproot; (l^^l) C'x||c/|i (| • {x)\ \ x € \U\)) is an 
adic, in fact perfectoid, space, given by U . 

Remark 4.11. This gives the promised base of the topology on which the sheaves 
and Ox behave as expected. Note that by Proposition 13. 15| such a base of the topology 
exists for all locally noetherian adic spaces over Spa(Qp,Zp). 

Proof, (i) The equality 0^{U)/b = R^ /b follows from the definition of {R, R'^). By the 
last proposition, giving a sheaf on Xproet is equivalent to giving a presheaf on the set of 
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affinoid perfectoid U G Xpi-oct) satisfying the sheaf property for pro-etale coverings by 
such. We claim that 

is a sheaf T of almost iT^-algebras, with W{U,F) = for i > 0. Indeed, let U be 
covered by U. We may assume that each is pro-finite etale over V^o — )■ U, 

and that V^o — > U factors as a composite of rational embeddings and finite etale maps. 
By quasicompactness of U, we can assume that there are only finitely many V^, or just 
one V by taking the union. Then V = lim Vj — )• Vj^ — > U, where Vj^ is a composite 
of rational embeddings and finite etale maps, and Vj Vji is finite etale surjective for 
^ Jo- We have to see that the complex 

C{U, V):0^ F{U) F{V) F{V XuV)^ ... 

is exact. Now F{V) = lin^ J^(V^) etc., so that 

e{u,v) = \]^c{u,Vj) , 

and one reduces to the case that V U is a composite of rational embeddings and 
finite etale maps. In that case, V and U are affinoid perfectoid, giving rise to perfectoid 
spaces U and V, and an etale cover V ^ U. Then Lemma 14.51 implies that 

C{U,V) : ^ iO+jU)/br ^ {0^jV)/br ^ (O^JV ^(j V)/bT ^ ■ ■ • , 

so the statement follows from the vanishing of H^{W(,i,Oy^, ), i > 0, for any affinoid 
perfectoid space 14^, proved in [18], Proposition 7.13. 

This shows in particular that F = (Oj/fc)", giving part (i). 

(ii) Define c = |^ G K+ , with |c| < 1. Let / G (Oj^/^i )([/), and take 5 G -R+ such that 
cf = g in {0~j^/bi){U), which exists by part (i). Looking at valuations, one finds that 
g = ch for some h G R~^. As multiplication by c induces an injection 0^/62 

it follows that f - h = in {0^/b2){U). Hence the image of / in {0^/h2){U) is in the 
image of /h2, as desired. 

(iii) Using part (ii), one sees that 

0+(C/) = l^(0+/p")(?7) = = i?+ . 

Inverting p gives Ox{U) = R. 

(iv) This follows from part (iii) and the definition of i?"*". 

(v) We have checked in the proof of part (i) that the cohomology groups H'^{U, O'^/p^) 
are almost zero for z > and all n. Now it follows for O'^ from the almost version of 
Lemma 13.181 

□ 

Lemma 4.12. In the situation of the previous lemma, assume that L is an ¥p-local 
system on X^^. Then for all i > 0, the cohomology group 

h\u,i.®o\/pY = 

is almost zero, and it is an almost finitely generated projective R'^"' /p-module M[U) for 
z = 0. If U' & Uproot is affinoid perfectoid, corresponding to U' = Spa(i?', i?'+), and 
U' some map in X^^o&t, then M{U') = M{U) ^R+ajp Rl^^^/p. 

Proof. We may assume that X is connected; in particular, one can trivialize L to a 
constant sheaf after a surjective finite etale Galois cover. Let V ^ U he such a 

surjective finite etale Galois cover trivializing L, with Galois group G, and let V = 
Spa(5, S+). Then L ^ over V. Let V^'^ be the j-fold fibre product of V over for 
j > 1. Then the previous lemma implies that i?*(V-'/^,L (8) O^/p) is almost zero for 
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i > 0, and almost equal to for i = 0, where is the j-fold tensor product of 

over i?"*". But S^°'/p is almost finite etale over R^"" /p by the almost purity theorem, 
and then faithfully flat (as V ^ U \s surjective), so the result follows from faithfully flat 
descent in the almost setting, cf. Section 3.4 of [11]. □ 

5. FiNITENESS OF ETALE COHOMOLOGY 

In this section, we prove the following result. 

Theorem 5.1. Let K he an algebraically closed complete extension ofQp with an open 
and bounded valuation subring d K, let X he a proper smooth adic space over 
'&Y>a,{K,K'^), and let L be an ¥p-local system on X^f Then H^(X^t,^) is a finite- 
dimensional ¥p-vector space for all i > 0, which vanishes for i > 2dimX. Moreover, 
there is an isomorphism of almost K'^ -modules for all i >0, 

H\x,t,h) ® K+yp ^ H\x,t,h^o+yp) . 

We start with some lemmas. Here and in the following, for any nonarchimedean field 
K, we denote by Ok = K° C K its ring of integers. 

Lemma 5.2. Let K be a complete nonarchimedean field, let V be an affinoid smooth 
adic space over Spa{K, Ok), and let x £ V with closure M = {x} C V. Then there 
exists a rational subset U CV containing M, together with an etale map [/ — )• T" which 
factors as a composite of rational embeddings and finite etale maps. 

Proof. We note that M is the intersection of all rational subsets U cV that contain M. 

Now, first, one may replace y by a rational subset such that there exists an etale 
map / : y — 7- B*^, where B" denotes the n-dimensional unit ball. This follows from 
Corollary 1.6.10 of [T2], once one observes that the open subset constructed there may 
be assumed to contain M. Let y = f{x) G B", with closure N C B". Then by Lemma 
2.2.8 of [12] (with similar analysis of its proof) one may find a rational subset W cM"' 
containing N, such that f~^{W) — ?• W factors as an open embedding f~^{W) — >■ Z 
and a finite etale map Z W. Note that M C f~^(W). Choose some open subset 
U C f^^(W) containing M, such that U is rational in Z (and hence in f~^(W)). Then 
U C f~^(W) C y is a rational subset, and U ^ W factors as a composite of a rational 
embedding and a finite etale map. Finally, embed B" ^ as a rational subset, e.g. 
as the locus where |Tj — 1| < |p| for all i = 1, . . . , n. Then W C B" C is a rational 
subset, so that U ^ gives the desired etale map. □ 

Lemma 5.3. Let K be a complete nonarchimedean field and let X be a proper smooth 
adic space over Spa(iC, For any integer N > 1, one may find N finite covers 

V^^\ . . . ^V^^^"^ of X by affinoid open subsets, such that the following conditions are 
satisfied. 

(i) For all i, k = 1, . . . , N — 1, the closure vf'^^^ of V^^^^^ in X is contained in V^^\ 

(ii) For all i, V^^^ C . . . C V^^^ is a chain of rational subsets. 

(iii) For all i, j, the intersection V^^"^ PI v/^^ C V^^^ is a rational subset. 

(iv) For all i, there is an etale map 

_^ jn ^^^^ factors as a composite of rational 

subsets and finite etale maps. 

Proof. For any x S X, there is some affinoid open subset V C X such that {x} C V, by 
|20j . Inside V, we may find a rational subset U C V such that {x} C U and the closure 
U of C/ in X is contained in V. Taken together, the C/'s cover X, so we may find finite 
covers U^, V^'' C X by affinoid open subsets such that for all x G X, there is some i for 

which {x} C f/j^, and such that C V^, with [/? C a rational subset. 
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Next, we may find for any x € X an affinoid open subset V C X such that {x} C V, 
such that V n U^' C is a rational subset for all i, and such that V C for one 
i. It suffices to do this for maximal points x. Now, let Ix = {i\{x} C V^*}. There is 
some open affinoid subset W C X containing {x} such that W H = ^ if i ^ Ix, and 
W C for i £ Ix- For each i £ Ix, choose some rational subset Wi C such that 
{x} C Wi C W, and let V' be the intersection of all Wi for i £ Ix- There is some 
i € Ix such that {x} C U^; we set V = V H Uf, which is a rational subset of V . 
Then V C V^^ is rational for all i £ Ix, hence V nUl^ C is rational. Hi ^ Ix, then 
V r\Uf (ZW r\Uf = which is also a rational subset of Uf - Finally, V C for one i. 

Replacing V hy & further rational subset, we may assume that there is an etale map 
y ^ T" that factors as a composite of rational embeddings and finite etale maps. Also, 
we may find a chain of rational subsets V^^^ d - - - d V = V^^^ such that {x} C V^^^ 

and F^^"^^^ C yC') for k = l,...,N -I. Then the y(^)'s cover X, so we may find 
finite covers V^^\- - - , V^^'^ C X by affinoid open subsets such that (i), (ii) and (iv) are 

satisfied. In fact, (iii) is satisfied as well: For each j, there is some i such that V^^^ C Uf - 

Then for aU j' , V^^'^ n V^}'^ = V^^^ n {Uf n v!^}^). Now, Uf n V^}'^ d Uf is a rational 

subset by construction of the F^^^'s. It follows that V^""^ r\{Uf nV^}'' ) C vf^ is a rational 
subset as well, as desired. □ 

Let us record the following lemma on tracing finiteness results on images of maps 
through spectral sequences. 

Lemma 5.4. Let K he a nondiscretely valued complete nonarchimedean field, and let 
^*%) ^ ^{i)"^ ' ^ ~ upper-right quadrant spectral sequences of almost Ox- 

modules, together with maps of spectral sequences E^''^^-^ E^'^._^iy ^[i)"^ ~^ -^(i+i) f^^ 
i = 1, — 1. Assume that for some r, the image on the r-th sheet, E^'^i^ — > -^^fi+i) 
is almost finitely generated over Ok for all i, p, q. Then the image of M^-^^ in M^^^ is 
an almost finitely generated Ox-fnodule for k < N — 2. 

Proof. Fix k < N — 2. Each spectral sequence defines the decreasing separated and 
exhaustive abutment filtration Fil^^^ on M^.^ such that 

Filf,/Filf+^ = ^P'^-P . 

In particular, Fil^.^ = M^^^ and Fil^^"|"^ = 0. We note that the existence of the maps of 
spectral sequences means that Fil^.^ maps into Fil^^^-^^ for all p, and the induced maps 

E^'^^-f = Filf, /Filf+^ ^ Filf^,, /Filf+^,, = , 

agree with the map on the spectral sequence. 

By induction on i = 1, . . . , /e + 2, we claim that the image of -^-^(^i) in ^\i)l'^'^{i) 
is an almost finitely generated C'ii--module. For i = \, there is nothing to show. Now 
assume that the image of -^(i) in ^\i)l '^'^(l) almost finitely generated C'ii--module. 

There is some r such that the image of — ^ is an almost finitely generated 

Ox-module for all p, q- It follows that the same stays true on the -Eoo-pagC; so that in 
particular the image of 

T-ii— l,fe+l— i ^ T;ij— 1,A;+1— j 
oo,(i) oo,(i+l) 

is almost finitely generated. Under the identification of these terms with the abutment 
filtration, this image is precisely 

Fil»V(Fil«'nFili,^,)). 
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Now we use the exact sequence 

^ (Mfi) n FilJ-i)/(M('l) n Fil|-i n FilJ^^y) ^ MyiM^.^ n FilJ,^,)) 

^ ^fi)/(Affi) n (FiiJ-i +Fir(,^,))) ^ , 

where the intersection M^^^ CiF for F C M^^^ means taking those elements of Mj^-^^ whose 
image in M^^^ hes in F. The right-most term is almost finitely generated by induction, 
and we have just seen that the left-most term is almost finitely generated. The middle 
term is isomorphic to the image of Af^\) in -^-^(^+i)/Fil(j^;^), so we get the claim. 

Now we use this information for i = k + 2, where it says that the image of M^-^^ in 
~ almost finitely generated. In particular, the same stays 

true for the image in M^^^ , as desired. □ 

Lemma 5.5. Let K be a complete nonarchimedean field of characteristic that contains 
all p-power roots of unity; choose a compatible system C,pi G K ofp^-th roots of unity. 

LetRo = OK{T^^,...,T^^), and R = Ok{T{^^^^°° , ■ ■ ■ ,Tn^^^°°). LetZ"^ act on R, such 
that the k-th basis vector 7/c S acts on the basis via 

where = Cp'e^ whenever i^p^ € Z. Then H^^j^^.{Zp, R/p"^) is an almost finitely pre- 
sented Ro-module for all m, and the map 

q 

/\Ro = -f^cont(^p' -^0) -f^cont(^p' 

is injective with cokernel killed by C,p — 1. 

Moreover, if Sq is a p-adically complete flat "Zp-algebra with the p-adic topology, then 

H!^^,iz;, S,/p^ ^n^/p^ R/pn = So/p™ ®R,/p^ ^cVt(^p, R/Pn 
for all m, and 

Hlonti'^p^So^R^R) = So0RgH^^^^{Zp,R) . 

Proof. Recall that in general, if M is a topological Z^-module such that M = l^m M/p"^, 
with M carrying the inverse limit topology of the discrete topologies on M/p"^, then 
continuous Z^-cohomology with values in M is computed by the Koszul complex 

q 

where the first map is (71 — 1, . . . , 7„ — 1). To check this, consider the Iwasawa algebra 
A = Zp[[Zp]] = Zp[[Ti, . . . ,T„]], with Tj corresponding to 7^ — 1, use the Koszul complex 

q 

associated to (Ti, . . . , r„), which resolves Zp. Now take Homcont(— i M), which gives 

^ Homeont(Z^, M) ^ Homeont(Zp, M)" ^ . . . , 

and resolves M as a topological Z^-module. Then taking continuous Z^-cohomology 
gives the result. 

Let us compute H'' {Zp , R/ p"^) for all m. It is the direct sum of 

HiiZ^^Ro/p"^ -Ti' ■■■Tt) 
over ii, . . . ,in € [0, 1) nZ[p~^]. This is computed by the tensor product of the complexes 

^ Ro/p"' "^'^^ Ro/p'" 
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(^*fc —1 

over k = 1, . . . ,n. If ^ 0, the cohomology of Rq/p"^ Rq/p^ is 

annihilated by (^p — 1. It fohows that 

^i?o/p™)" = H^{I^;,Ro/pn ^ H''{Z;,R/p"') 

is injective with cokernel kihed by ("p — Ij for ah m. Taking the inverse hmit over m, we 
get the statement about H^^^^{Zp,R). 

More precisely, if ik has denominator p^, then the cohomology of — )• Rq/p"^ 
Ro/p"^ ^ is annihilated by ("p^ — 1. If e > 0, e € logF, then (pC — 1 divides p'^ for 
almost all i, hence only finitely many ?i-tuples (ii, . . . , in) contribute cohomology which 
is not p'^-torsion. The cohomology for each such tuple is finitely presented, hence the 
cohomology group H'^{'Lp,R/p'^) is almost finitely presented. 

The compatibility with base-change is immediate from the calculations. □ 

Lemma 5.6. Let K he a perfectoid field of characteristic containing all p-power roots 
of unity. Let V be an affinoid smooth adic space over Spa(i<', Oj^) with an etale map 

V ^T"^ that factors as a composite of rational embeddings and finite etale maps. Let L 
be an ¥p-local system on V^f 

(i) For i > n = dimV , the cohomology group 

H\V&t,-L®0+/p) 

is almost zero as Ok -'module. 

(ii) Assume that V' C V is a rational subset such that V is strictly contained in V . Then 
the image of 

H\V,„l^(E) 0+/p) ^ H\Vi„h^ 0+/p) 
is an almost finitely generated Ok -'module. 

Remark 5.7. It is probably true that W'{V^tj^ ® ^y/p) is an almost finitely generated 
©^(y)/^- module. If one assumes that K is algebraically closed, then using Theorem 
19.41 the arguments of the following proof would show this result if Ok/p\L'i-, ■ ■ ■ ,Tn] 
is 'almost noetherian' for all n; the problem occurs in the Hochschild-Serre spectral 
sequence, where certain subquotients have to be understood. 

Proof. We may use the pro-etale site to compute these cohomology groups. Let V = 

V xjn t" G Vproct- Let V^/^ be the j-fold fibre product of V over V, for j > 1. RecaU 
that the category underlying Spa{K,OK)pToict contains the category of profinite sets 
(with trivial Galois action); in particular, we can make sense of ^ x Zp^"' E ^roet; by 
considering Zp^"' as an object of Spa(-ftr, OK)pToiet, pulled back to Vproct- AsV^Vis 
a Galois cover with Galois group Z^, we see that V^/^ ^Vx Zp^^ ^\ Then by Lemma 

MB 

W{V^/^,h ® O^/p) ^ Homcont(Zp^^"'\ ^'(V^,L 0+/p)) 
for all i > 0, j > 1. But Lemma 14.121 implies that 

F*(y,L0O+/p)" = 
for i > 0, and is an almost finitely generated projective S'+'^/p-module M for i = 0, 
where V = Spa(5, S^). Taken together, the Cartan-Leray spectral sequence shows that 

As Zp has cohomological dimension n, we get part (i). 
For part (ii), we have to check that the image of 

s'+yp) 
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is an almost finitely generated C'j<--module, where (S", 5"^) is defined as {S, S~^), with V 
in place of V. Recall that M is an almost finitely generated projective S'^'^ / p-module. 
By Lemma 2.4.15 of [TT], this means that for any e > 0, e G logF, there exists some 
k and maps f^-M—f ■ {S'^°-/p)^ M with g^f^^ = . One sees that in 

order to prove (ii), we may replace M by S^'^ /p, i.e. we have to show that the image of 

is an almost finitely generated 0;^-module. 

Now, choose N = n + 2 rational subsets V^^^ = V C . . . C V^^^ = V, such that 
is strictly contained in V^^'> for j = 1, . . . , iV - 1. Let F^^) and {S^^\S^^'>+) be 
defined as for V, using V^^^ in place of V. We need to show that the image of 

Hiuz;,s'^'^+/p) ^ Hi,,d^;,s'^''^+/p) 

is almost finitely generated over Ok- Now we use Lemma 14.51 applied to X = T*^, 
[/ = T", giving rise to ?7 = Spa{R, R~^), where 

Also, in the notation of that lemma, let Um = Spa,{Rm, Rti) with 

Rt, = OK{T:t'""^,....Tt'/n, 

giving rise to Vm^ = V^^'> Xx Um = Spa{Sm\ Sm~^)- By Lemma 1131 it is enough to 
show that the image of 

R+)/p) ^ Hi,,,{z;, (^(f )+ r+)/p) 

is almost finitely generated over Ok for all m. These groups can be computed via the 
Hochschild-Serre spectral sequence 

W^{iZ/p^zr,Hll^,{{p"^Zpr, (5^^+ ^nt R^)/P)) ^ ^c;>nr(Zp, (5^^+ ®Rt R^)/p) > 
as the coefficients carry the discrete topology. But by Lemma 15.51 

Now asN = n + 2>i + 2, Lemma 15.41 shows that it is enough to prove that the image 
of 

s^ri^^ip ®Rt/p Hiuip"'^pr, R^/p) ^ s^^^'^^/p 0^+/^ HUt{{p"^z,r, R+/p) 

is almost finitely generated for j = 1, . . . , — 1. The image A of Sm~^ /p Sm'^'^'^^ /p 
is almost finitely generated over Ok'- As vji^^^ is strictly contained in Vm \ the map 
5m — > Sm is completely continuous, and hence one easily checks that A is a subquo- 
tient of a bounded subset of a finite-dimensional iT-vector space. Such Oi^-modules are 
almost finitely generated as Ok is almost noetherian. Then the image of 

s^^^^ip ®Rt/p Hiontiip^'^pr.R^/p) ^ ^Rt/p Hu,iip"^z,r, R^/p) 

is a quotient of A 0^+/^ Hi^^^{{p'^ZpY , R+ / p) . The group Hi^^^{{p'^ZpY , R+ / p) is 
almost finitely generated over i2+ by Lemma 15.51 Choosing a map 

{R+Jpf^^^ ^ Hl,,,{{p^I.pr\R+ Ip) 
with cokernel annihilated by p^, we find a map 

A^(^) ^ A 0^+/^ Hl,,,{{p^Zpr , R+/p) 

with cokernel annihilated by p^. It follows that A^^+ H^^^^{{p^Zp)'^ , R'^ /p) is almost 
finitely generated over Ok, giving the claim. □ 

Now we can prove the crucial statement. 
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Lemma 5.8. Let K be a perfectoid field of characteristic containing all p-power roots 
of unity. Let X be a proper smooth adic space over Spa(i^, Or-), and let L be an Fp-local 
system on X^f Then 

W{X,t,I^0O+/p) 

is an almost finitely generated Ox-module, which is almost zero for j > 2dimX. 

Proof. Let be the site of open subsets of X. Lemma 15.61 shows that under the 
projection A : X^t — > Xan, -R-^A*(L (g) 0~^/p) is almost zero for j > dimX. As the 
cohomological dimension of Xan is < dimX by Proposition 2.5.8 of [8], we get the 
desired vanishing result. 

To see that H^{X^t,^ O^/p) is an almost finitely generated Oii'-module, choose 

N = j + 2 covers v}^^^\ v}'^^ C X as in Lemma 15.31 Let / be the finite index set. 

(k) (k) 

For any nonempty subset J C L, let Vj = HjgjV^ . Then the conditions of Lemma 

15.31 ensure that each vj''^ admits an etale map vj'^^ — )■ T" that factors as a composite of 
rational embeddings and finite etale maps. For each k = 1, . . . , j + 2, we get a spectral 
sequence 



\J\=mi+l 



together with maps between these spectral sequences E^^-^J^^ — > E^^^^^ for k = 
1, . . . , j + 1. Then Lemma 15.41 combined with Lemma 15.61 (ii) shows the desired finite- 
ness. □ 

To finish the proof, we have to introduce the 'tilted' structure sheaf. 

Definition 5.9. Let X be a locally noetherian adic space over Spa(^p,^p). The tilted 
integral structure sheaf is = ^hn^ jp, where the inverse limit is taken along the 
Frobenius map. 

If X lives over Spa{K,K~^), where K is a perfectoid field with an open and bounded 
valuation subring C K , we set (Dx\> = '?)k^+ ■ 

Lemma 5.10. Let K be a perfectoid field of characteristic with an open and bounded 
valuation subring C K, let X be a locally noetherian adic space over Spa{K,K^), 
and U S Xproct affinoid perfectoid, with U = Spa(ii, i?"*"), where {R,R^) is a perfec- 
toid affinoid {K,K~^)- algebra. Let be its tilt. 

(i) We have d^,{U) = R^+ , O^^iU) = RK 

(ii) The cohomology groups i/*(C/, are almost zero for z > 0, with respect to the 
almost setting defined by K'"'^ and its ideal of topologically nilpotent elements. 

Proof. This follows from Lemma r4.10l bv repeating part of its proof in the tilted situation. 

□ 

Proof, (of Theorem \5.1[ ) Let X' be the fibre product X Xspa,{K,K+) Spa(J^, Ok), which 
is an open subset of X. Then the induced morphism 

H\X,„ L ® 0+/p) ^ W{Xi„h 0+/p) 

is an almost isomorphism of i^+-modules. Indeed, take a simplicial cover U, of X by 
affinoid perfectoid — )> X. Then U, x x X' ^ X' is a simplicial cover of X' by affinoid 
perfectoid xx X' . Then for all i,k > 0, 

H\Uk,h®0+/p) ^ H\Uk XX X',]L0O+/p) 

is an almost isomorphism by Lemma [4.12| which implies the same result for X compared 
to X'. 
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Now recall that is an algebraically closed field of characteristic p. Fix an element 
vr € O^b such that 7r» = p. Let = if* (X^^.^^^ , L (g) O+./vr'^). As O^j^Jx' is a sheaf of 

perfect flat -algebras with O^b/^ = C'J/p, we see that Lemma 15.81 implies that the 
Mfc satisfy the hypotheses of Lemma 12.121 It follows that there is some integer r > 
such that 

as almost O^b-modules, compatibly with the Frobenius action. By Lemma 13.181 and 
Lemma 15.101 we have 

i?l^(L O^Jir'^y = (L g) 0+ J" . 

Therefore, 

Inverting vr, we see that 

i/^(Xp,oet,LCS)0^b) = {K^Y , 
still compatible with the action of Frobenius if. Now we use the Artin-Schreier sequence 

^ L ^ L ^ L (g) , 

where the second map is v f v ^ (/^ — /). This is an exact sequence of sheaves on 
-'^proet: It sufhces to check locally on [/ € A'proot which is affinoid perfectoid and over 
which L is trivial, and only the surjectivity is problematic. To get surjectivity, one has 
to realize a finite etale cover of , but U'^^^ = Uf^t^ and finite etale covers of U come 
via pullback from finite etale covers in X^^^^i, by Lemma 7.5 (i) of |18] . 
On cohomology, the Artin-Schreier sequence gives 

. . . ^ H\Xp,o6tM ^ W{Xp,oct,l^^ Ox,) ^ F^(Xp,oct,L O^b) ^ . . . . 

But the second map is the same as {K^Y {K^Y ■• which is coordinate- wise x i— > x^ — x. 
This is surjective as K'' is algebraically closed, hence the long-exact sequence reduces to 
short exact sequences, and (using Lemma 13.171 (i)) 

H\X,tM = ii*(Xproct,]L) = F^(Xproet,L ^ Ox^r=^ = ¥; , 

which implies all desired statements. □ 

Corollary 5.11. Let f : X ^ Y be a proper smooth morphism of locally noetherian 
adic spaces over Spa(Qp,Zp). Let L be an ¥p-local system on X^.^. Then for all i > 0, 
there is an isomorphism of sheaves of almost Oy -modules 

(i?7et*L) o+^'/p ^ R'f,u^ o-j,yp) . 

Here, we use the almost setting relative to the site Y^t; the sheaf of algebras Oy, and 
the ideal of elements of valuation < 1 everywhere. If Y lives over Spa{K, K~^) for some 
nondiscretely valued extension K of Qp, this is the same as the almost setting with 
respect to and the ideal of topologically nilpotent elements in . 

Proof. It suffices to check at stalks at all geometric points y of Y. Let y correspond to 
Spa(L,L"'~) — )■ Y, where L is an algebraically closed complete extension of K, and let 
Xy = X Xy Spa{L, L~^). By Proposition 2.6.1 of [12j . we have 

((i?7et*L) 0^yp)y = {R'f6tX)y ® {0^''/p)y = H\Xya,h) L+yp , 

and 

(i27et*(L o+yp))y = H\Xy,^,iL0 o+yp) . 

Now the result follows from Theorem 15.11 □ 
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6. Period sheaves 

Definition 6.1. Let X be a locally noetherian adic space over Spa(Qp,Zp). Consider 
the following sheaves on Xproct- 

(i) The s/iea/ Ainf = VF((9^J, and its rational version Binf = Ainf[|]. Note that we have 
9 : Ainf — )■ extending to 9 : B^nf Ox ■ 

(ii) The positive deRham sheaf 

B+^ = 1^1 Binf /(ker^r , 

with its filtration FiPB+^ = (ker6l)*B+^. 

(iii) The deRham sheaf 

where t is any element that generates Fil^Bjjj^. It has the filtration 

Remark 6.2. We will see that locally on Xproet; the element t exists, is unique up to 
a unit and is not a zero-divisor. This shows that the sheaf B^r and its filtration are 
well-defined. 

Before we describe these period sheaves explicitly, we first study them abstractly for a 
perfectoid field K with open and bounded valuation subring C K oi characteristic 
and a perfectoid affinoid {K, K+)-algebra {R, Fix vr G A'^ such that vrVp G (^'^)^ • 
We make the following definitions. 

AiMR^) = W{R^+) , 
Binf(i?,i?+) = Ai„f(i?,i?+)[p-i] , 
M+^{R,R+) = limMi,,i{R,R+)/{keiey . 

Moreover, we know that 6 : Ai^{{R, R+) = W{R^+) R+ is surjective. 

Lemma 6.3. There is an element ^ € Ai^{{K, K'^) that generates ker0, where 9 : 
Ainf (A', K"*") — > AT"*". The element ^ is not a zero-divisor, and hence is unique up to a 
unit. 

In fact, for any perfectoid affinoid {K, K~^)-algebra (i?, i?"*"), the element ^ generates 
ker(0 : Ainf (i?, i?"*") R'^), and is not a zero-divisor in A[^{{R,R~^). 

Proof We will choose the element ^ of the form ^ = [vr] — "^^i [xi] for certain elements 
Xi € O^b. In fact, [tt] maps via 9 to some element tt^ in p{K~^)^ , and any such element 
can be written as a sum Yli^iP^^ii^i])^ ^ desired. 

Let y = T^ZoP^lVi] ^ W{R^+), and assume ^y = 0, but y ^ 0. Because W{R^+) is 
flat over Zp, we may assume that yo 7^ 0. Reducing modulo p, we see that vryo = 0, 
which implies yo = 0, as R^'^ is flat over K'"'^ , contradiction. 

Assume now that y = Y^ZoP'h] e ker(6l : W{R^+) R+). We want to show 
that it is divisible by Because R^ is flat over Zp, we may assume that yo 7^ 0. 
As a first step, we will find zq € W{R^~^) so that y — zq^ is divisible by p. Indeed, 
W{R^+)/{^,p) = R^+/n = Ip, so that / is mapped to zero in this quotient, which 
amounts to the existence of zq as desired. 

Continuing in this fashion gives us a sequence zo,-Zi,... € W{Tt^) such that y — 
(^^LqP^Zj)^ is divisible by p^^^ , for all A; > 0. But W{Tt^) is p-adically complete and 
separated, hence y = (X^^q^**-^*)^' desired. □ 
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In particular, we can also define B(jR(i?, = ]B^j^(ii, with the filtration 

given by FiP M^R. = CKni^^ R+),ie Z. 

Corollary 6.4. For any i G Z, we have gr* ]BdR(i?, R'^) — which is a free R-module 
of rank 1. In particular, gr* B(jp^(i2, R^) = R[^^^]. 

Proof. The element ^ has the same properties in Binf as in Ainf, i.e. it generates ker0 
and is not a zero-divisor. The corollary follows. □ 

Note that all of these rings are Ai^f (X, i^+)-algebras, e.g. via the map 9. In 
the following, we consider the almost-setting with respect to this ring and the ideal 
generated by all [ir^^^ ]. 

Theorem 6.5. Let X be a locally noetherian adic space over Spa(i^', Assume that 

U — 7> Xpj-oet is affinoid perfectoid, with U = Spa(i2, iZ"*"). 

(i) We have a canonical isomorphism 

Ainf ([/)= Ainf (iZ,iZ+) , 

and analogous statements for Binf, B^j^ and B^r. In particular, there is an element ^ 
generating Fil'^ B^j^(C/), unique up to a unit, and it is not a zero-divisor. 

(ii) All H^{U, J-) are almost zero for i > 0, where T is any of the sheaves just considered. 

(iii) In Bjj^(J7) and B(Jr(C/) the element [it] becomes invertible, in particular the coho- 
mology groups H^{U,J-) vanish for these sheaves. 

Proof. By induction on m, we get a description of W{0~^^,)/p^, together with almost 
vanishing of cohomology. Now we use Lemma 13.181 to get the description of Ai^f . After- 
wards, one passes to Bi^f by taking a direct limit, which is obviously exact. This proves 
parts (i) and (ii) for these sheaves. 

In order to pass to B^j^, one has to check that the exact sequence of sheaves on Xp^oot 

Binf ^ Binf ^ Binf/(ker 6)' 

stays exact after taking sections over U . We know that the defect is controlled by 
-fr^(C/, Binf), which is almost zero. We see that all statements follow once we know that 
[vr] is invertible in Binf/(ker0). But the latter is a sheaf of M\i-if{K^K^)/ {kei 6) = K- 
modules, and [vr] maps to the unit vr" E . □ 

Corollary 6.6. Let X be a locally noetherian adic space over S'pa.{K K^) , and assume 
that U € A^proct is affinoid perfectoid. Further, let S be some profinite set, and V = 
U X S G -'^proet) which is again affinoid perfectoid. Then 

= Homcont(S,J-(t/)) 

for any of the sheaves 

T € {Ox.d\, Oj^, , a+, , Ai„f , Binf , B+^, BdR, gr' BdR} . 

Here, O'^(U) is given the p-adic topology, and all other period sheaves are given the 
induced topology: For example, Ainf(C/) the inverse limit topology, Binf(f/) the direct 
limit topology, the quotients (Binf/(ker ^)"')(C/) the quotient topology, and then finally 
B^Pj(C/) the inverse limit topology and B(Jr(?7) the direct limit topology. 

Proof. Go through all identifications. □ 

This proposition shows that even though we defined our sheaves completely abstractly 
without any topology, their values on certain profinite covers naturally involve the topol- 
ogy. This will later imply the appearance of continuous group cohomology. 
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Proposition 6.7. Let X be a locally noetherian adic space over Spa(Qp,Zp). For all 
i € Z, we have gr*BdR = Ox{i), where (i) denotes a Tate twist: Let Zp = ^mZ/p^Z as 
sheaves on Xpi-oct? CLf^d Zp(l) = ^im ^pn. Then for any sheaf T of Zp-modules on Xproet; 
we set = T ®^ ^piX). 

Proof. Let K be the completion of Qp(/Upoo). A choice of p'^-th roots of unity gives rise 
to an element e G 0^\}. Recall the element 

t = log([e]) GFiliB+^(i^,K+) , 

which generates Fil^, so that we have gr^B^R = fOx over Xx^^roct — ^pro&t/ ^K-, 
cf. Proposition 13.151 Because the action of the Galois group Gal(Qp(/_fpoo)/Qp) on 
t is through the cyclotomic character, the isomorphism descends to an isomorphism 
gr^BdR = dx(i) onXprocf □ 

Definition 6.8. Let X he a smooth adic space over Spa(A;,C'fc), where k is a discretely 
valued complete nonarchimedean extension of Qp with perfect residue field k. Consider 
the following sheaves on Xproet • 

(i) The sheaf of differentials Q\ = and its exterior powers 

(ii) The tensor product OBjnf = Ox (^win) ®mf- Here W{k) = u*W{k) is the constant 
sheaf associated to W{k). It still admits 6 : OBjnf — >■ Ox- 

(iii) The positive structural deRham sheaf 

OB+j^ = l^OBinf/(ker0)" , 

with its filtration FiP OB+^ = (ker 6*)*^+^. 

(iv) The structural deRham sheaf 

OTdR = OB+^[t-i] , 
where t is a generator o/Fil"^B^j^, with the filtration 

FiP OBdR = t"^ FiP+J OB+^ . 

Remark 6.9. Because locally on Xproct) the element t exists and is unique up to a unit 
and not a zero-divisor, the sheaf OBdR and its filtrations are well-defined. 

Also note that the sheaf OBjnf admits a unique Binf-linear connection 

V : OBinf ^ OBinf ^Ox , 

extending the one on Ox- This connection extends uniquely to the completion 

V : OB+^ ^ OB+^ 0ox ^x , 

and this extension is B^j^-linear. Because t € B^j^, it further extends to a BdR-linear 
connection 

V : OBdR ^ OBdR ^ox ^x ■ 

We want to describe OB^pj^. For this, choose an algebraic extension of k whose com- 
pletion K is perfectoid. We get the base-change Xk of X to Spa(Er, O/f), and again 
consider Xk G -'^proct by slight abuse of notation. We assume given an etale map 
X ^ T"; such a map exists locally on X. Let X = X Xjn T"^ . Taking a further-base 
change to K, Xk € Xi^^proct = X^roct/Xx is perfectoid. 

In the following, we look at the localized site Xproct/^- We get the elements 



Ui 



r, ® 1 - 1 [T;^] € OBi,f|^ = {Ox ®w{K) W{0+,))\^ 
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i_ 

in the kernel of 9, where T-" € = /p is given by the sequence {Ti,Tf , . . .) in 

the inverse hmit. 

Proposition 6.10. The map 

*dRlx[[-^l' ■ ■ ■ '^n]] ^'^dRlx 

sending Xi to Ui is an isomorphism of sheaves over Xp^^^i/X . 

Proof. It suffices to check this over Xp^^^i/Xx- The crucial point is to show that 
^cIrI Xk [[^1' • • • ' "'^"]] 9'dmits a unique Ox \ x^-algebra structure, sending Ti to [T^] + Xi 
and compatible with the structure on 

B+^[[Xi,...,Xn]]/{keT0) = dx . 
This being granted, we get a natural map 

which induces a map OB^j^l^^ — )• B^j^l [[Xi, . . . , Xn]] which is easily seen to be inverse 
to the map above, giving the desired isomorphism. 

In order to check that B^p^l^^, [[Xi, . . . admits a natural Ox I -algebra struc- 

ture, we need the following lemma. 

Lemma 6.11. Let {R,R^) be a perfectoid affinoid {K, Ok) -algebra, so that we get 
B^j^(i2, i2+). Let S be a finitely generated O^-algebra. Then any morphism 

f -.S ^M+^{R,R+)[[Xi,...,Xn]] 
such that 9{f{S)) C R'^ extends to the p-adic completion of S. 

Proof. It suffices to check modulo (ker Oy for all i. There it follows from the fact that 
any finitely generated i^^-submodule of gr* B^j^(i2, 72^") = R is p-adically complete: In 
fact, the image of S will be contained in 

(W^(i?^+)[[Xi,...,Xj]/(ker0r)[^,^,...,^] 

for some k, and this algebra is p-adically complete. Here, is as in Lemma 16.31 □ 

Moreover, we have the following lemma about etale maps of adic spaces, specialized 
to the case T". 

Lemma 6.12. Let U = Spa(ii, i?"*") over Spa(I^(K)[p~^], be an affinoid adic 

space of finite type with an etale map [/ — )■ T" . Then there exists a finitely generated 
W {k)[T^^ , . . . ,T^^]-algebra Rq , such that Rq = Rq[^] is etale over 

W{K)[p-'][Tt\...,T^'] 
and R'^ is the p-adic completion of Rq . 

Proof. We use [12], Corollary 1.7.3 (iii), to construct the affinoid ring {Rq,Rq), denoted 
B there. We have to see that Rq is a finitely generated W{k)[T^^, . . . , T^^] -algebra. 
But |12j . Remark 1.2.6 (iii), implies that it is the integral closure of a finitely generated 
W{k)[T^^ , . . . ,T^^]-algehTa R^ C R^ inside Rq, with Rf[^] = Rq. But W{k) is 
excellent, in particular for any reduced flat finitely generated VF(K)-algebra S^, the 
normalization of inside S''''[p~^] is finite over S^, giving the desired result. □ 

First note that one has a map 

W{K)\p-'][T,^\ . . . ^ B+j,|^[[Xi, . . . 



p-ADIC HODGE THEORY 39 

sending Tj to [T^] + Xi. For this, note that Tj mod (ker^) is \TI], which is invertible, 
hence Tj is itself invertible. 

Now take some affinoid perfectoid U € XpT-o(.t / X k ■, and write it as the inverse 
limit of affinoid Ui G In particular, Ox{U) = Im^OxiUi), and we may ap- 

ply the last lemma to Ui — ?• T". This gives algebras whose generic fibre Rio is 
etale over W{k) [p-^][T^\ . . . , r±i] . By Hensel's lemma, we can lift RiQ uniquely to 
]Bjjj^(C/)[[Xi, . . . , Xn]], hence we get lifts of R^q. These extend to the p-adic completion, 
hence we get lifts of 0^{Ui), and thus of Ox{Ui). Take the direct limits of these lifts 
to conclude. □ 

Let us collect some corollaries. First off, we have the following version of the Poincare 
lemma. 

Corollary 6.13. Let X he an n- dimensional smooth adic space over Spa(/c,Ofc). The 
following sequence of sheaves on Xproct is exact. 

^ ^ OB+^ ^ OB+^ ®Ox ■■■^ OM+p. ®Ox ^x^O. 

Moreover, the derivation V satisfies Griffiths transversality with respect to the filtration 
on OBjj^, and with respect to the grading giving degree i, the sequence is strict exact. 

Proof. Using the description of Proposition 16.101 this is obvious. □ 

In particular, we get the following short exact sequence, often called Faltings's exten- 
sion. 

Corollary 6.14. Let X be a smooth adic space over Spa{k,Ok). Then we have a short 
exact sequence of sheaves over Xp^-oct, 

^ Oxil) ^ gr' OM+^ ^ Ox (S)Ox f^x ^ . 

Proof. This is the first graded piece of the Poincare lemma. □ 

Corollary 6.15. Let X T", X, etc., he as above. For any i ^ Tj, we have an 
isomorphism of sheaves over X^^oct/ Xk , 

gr^OBdR-rOx[^,...,^] . 

In particular, 

gr'OTdR = dx[C^\^i,...,X„] , 
where ^ and all Xi have degree 1. □ 

Proposition 6.16. Let X = Spa{R, R^) be an affinoid adic space of finite type over 
Spa(A;, Ok) with an etale map X — >■ T" that factors as a composite of rational embeddings 
and finite etale maps. 

(i) Assume that K contains all p-power roots of unity. Then 

H'^{Xk, gr"" OBdR) = 
unless q = 0, in which case it is given by R%)kK . 

(ii) We have 

H\X,gr' OBdR) = 

unless i = and q = 0,1. Ifi = 0, we have (gr^ OMdR){X) = R and H^{X, gr^ OBdR) = 
i21ogx- Here, x '■ Ga\.(k/k) — t- is the cyclotomic character and 

logx G Homco„t(Gal(^/A;),Qp) = if,U(Gal(fc/A;), Qp) 

is its logarithm. 
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Proof, (i) We use the cover Xx — ?• to compute the cohomology using the Cartan- 
Leray spectral sequence. This is a Zp-cover, and ah fibre products Xk ^Xk ' ' ' ^Xk -^k 
are affinoid perfectoid, and hence we know that all higher cohomology groups of the 
sheaves considered vanish. The version of Corollary 16.61 for gr*^ OM^r stays true, so we 
find that 

F«(XK,grOOTdR) = ^cVt(^p,gr°OBdR(li^)) . 

Now we follow the computation of this Galois cohomology group given in [S] , Proposition 
4.1.2. First, note that we may write 

gv'' OMdRiXK) = R[Vi, . . . ,Vn] , 

where Xk = Spa{R, R'^), and the Vi are given by log([r.'']/rj), where t = log([e]) as 
usual. Let 7j € Zp be the i-th basis vector. 

Lemma 6.17. The action ofji on Vj is given by ji{Vj) = Vj ifi ^ j andji{Vi) = Vi + 1. 

Proof. By definition, 7j acts on Tj trivially if i ^ j, and by multiplication by e if i = j. 
This gives the claim. □ 

We claim that the inclusion 

{R®kK)[Vi, . . . ,Vn] C R[Vi, . . . ,Vn] 

induces an isomorphism on continuous Z^-cohomology. It is enough to check this on 
associated gradeds for the filtration given by the degree of polynomials. On associated 
gradeds, the action of on the variables Vi is trivial by the previous lemma, and it 

suffices to see that R^^K C R induces an isomorphism on continuous Z^-cohomology. 
The following lemma reduces the computation to Lemma 15.51 

Lemma 6.18. The map 

is injective with cokernel killed by some power of p. In particular, we have 

Proof. This is an immediate consequence of Lemma 14.51 (ii) . □ 
Now we have to compute 

H',,^,{Z;,{R^kK)[Vi,...,Vn]) . 

We claim that inductively H^^^^CZp'ji, {RiSikK)[Vi, . . . ,Vi]) = for q > and equal to 
{R'SikK)[Vi, . . . , Vi-i] for q = 0. For this purpose, note that the cohomology is computed 
by the complex 

(R^kK)[Vi, ...,Vi] (R^kKWi, ...,V^. 

If we set S = {R^kK)[Vi, . . . , Vi-i], then the map 7^ — 1 sends a polynomial P € S[Vi] 
to P{Vi + 1) — PiVi)- One sees that the kernel of 7^ — 1 consists precisely of the constant 
polynomials, i.e. S, and the cokernel of 7^ — 1 is trivial. 

(ii) First note that in part (i), we have calculated i7'^(Xx,gr* OBdR) for any i G Z, as 
all of these sheaves are isomorphic on Xproet/^^ic to gr*^ OBdR. 

We take K as the completion of /c(//poo), and we let F^ = Gal(/c(/ipoo)/A;). We want 
to use the Cartan-Leray spectral sequence for the cover Xx — X. For this, we have to 
know 

i^^(X^/^,gr*OTdR) , 
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where we set X^^'^ = Xk >^x ■ ■ ■ Xk- Inspection of the proof shows that they are 
given by 

gr^ OBdR) = Homeont(n"-\ i^-^lX^, gr^ OM^^)) : 

In fact, using the cover Xk XjCx X^^'^ of X^^'^ to compute the cohomology via the 
Cartan-Leray spectral sequence, the version of Corollary 16.61 for gr* OBdR says that at 
each step in the proof, one has to take IIomcont(rfc*~^) •)• This shows that we have an 
identity 

ii'^(X,gr*OTdR) = Hl^,{Tk,mkK{i)) . 

Similarly to Lemma 15.51 the map R{i) R®kK{i) induces an isomorphism on contin- 
uous Ffc-cohomology. But then we get 

and the latter groups are well-known, cf. |19| . 

□ 

Corollary 6.19. Let X be a smooth adic space over Spa(A;, O^)- Then i/^OBdR = Ox^^- 
Moreover, v^Ox = ^x^, ^*Ox{n) = for n > 1, 

R^i^,dx{l) = ^]c,, 

via the connecting map in Faltings's extension, and R^v^Ox{n) = for n>2. 

Remark 6.20. One could compute all R^v^Ox{j)- They are if i < j or i > j + 1, and 
they are f^x-t ^ — ^'^d f^x-t X if ^ = i + 1- 

Proof. The first part is clear. For the second, note that after inverting t in the Poincare 
lemma, we get the exact sequence 

O^BdR^OBdR^ ... , 

whose 0-th graded piece is an exact sequence 

Q^Ox^ gr° OBdR ^ . . . , 

giving in particular an injection u^fOx — > i^* gr*^ OBdR. But we know that Ox^^ maps 
isomorphically into gv^ OBdR. 

Similarly, we have a long exact sequence 

^ dx{n) ^ gr" OBdR ^ gr"-^ OBdR 0^ ^ . . . , 

which shows that for n > 1, VtfOx{n) = and for n > 2, R^u^Oxin) = 0, whereas for 
n = 1 we get an isomorphism (1) — ^x-t- One directly checks that it is the 

boundary map in Faltings's extension. □ 



7. Filtered modules with integrable connegtion 

Let X be a smooth adic space over Spa(A;, Ofc), with k a discretely valued complete 
nonarchimedean extension of Qp with perfect residue field k. 

Definition 7.1. (i) A M'^^-local system is a sheaf of M^^-modules M that is locally on 
Uproot fi"se of finite rank. 

(ii) An OM'^^-module with integrable connection is a sheaf of OM^^-modules M. that is 
locally on X^^^ct /'^ee of finite rank, together with an integrable connection ■ M 
M. ®Ox ^jc? satisfying the Leibniz rule with respect to the derivation V on OM'^^. 
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Theorem 7.2. The functorM ^ {M, V m) given by M = M OB+j^ , V^^ = id«)V 

induces an equivalence of categories between the category of B^p -local systems and the 
category of OM'^^-modules with integrable connection. The inverse functor is given by 
M = Al^^=o. 

Proof. It is obvious that one composition is the identity. One needs to check that any 
OBjj^-module with integrable connection admits enough horizontal sections. This can 
be checked locally, i.e. in the case X etale over T". Then it follows from Proposition 
16.101 and the fact for any Q-algebra i?, any module with integrable connection over 
. . . , has enough horizontal sections. □ 

We want to compare those with more classical objects. We have the following lemma: 

Lemma 7.3. Let be the site of open subsets of X. Then the following categories 
are naturally equivalent: 

(i) The category of Ox^n'^'^dules Sg^^ over X^,^ that are locally on Xan free of finite rank. 

(ii) The category of Ox^.^-modules £(.t over X^.^ that are locally on X^.^ free of finite rank. 

(iii) The category of Ox -modules £ over X^^oct that are locally on Xpfoct free of finite 
rank. 

Proof. We have the morphisms of sites : Xp^oet — ^ X^t, A : X^t — >■ Xan. We know that 
Ox^n — ^*^Xit ^iicl Oxct — i^*Ox- This implies that the pullback functors are fully 
faithful. 

To see that pullback from the analytic to the etale topology is essentially surjective, 
we have to see that the stack in the analytic topology sending some X to the category 
of locally free sheaves for the analytic topology, is also a stack for the etale topology. 
It suffices to check for finite etale covers Y X hy the proof of [8], Proposition 3.2.2. 
Moreover, we can assume that X = Spa(i?, is afhnoid, hence so is F = Spa(S', S~^). 
In that locally free sheaf for the analytic topology is equivalent to a projective 

module over R of finite rank. But the map R ^ S is faithfully flat, hence usual descent 
works; note that the fibre product Y xx Y has global sections S (Sir S etc. . 

Similarly, if £ on Xproct becomes trivial on some U S Xproet, then write U has an 
inverse limit of finite etale surjective maps Ui — )• Uq, Uq € X^^. We assume again that 
Uq = Spa(i2, is affinoid, hence so are all Ui = Spa{Ri, Rf). Then Ox{U) is the 
direct limit i?oo of all which is faithfully flat over R. Applying descent for this 
morphism of rings shows that £ descends to a projective module of finite rank over Uq] 
hence after passage to some smaller open subset of C/q, it will be free of finite rank. □ 

Definition 7.4. A filtered Ox-module with integrable connection is a locally free Ox- 
module £ on X , together with a separated and exhaustive decreasing filtration Fil* £, 
i G by locally direct summands, and an integrable connection V satisfying Griffiths 
transversality with respect to the filtration. 

Definition 7.5. We say that an OM^^-module with integrable connection A4 and a 
filtered Ox -'module with integrable connection £ are associated if there is an isomorphism 
of sheaves on Xproet 

M ^I^dR = £ (^Ox CBdR 

compatible with filtrations and connections. 

Theorem 7.6. (i) // M is an O^^-^-module with integrable connection and horizontal 
sections M, which is associated to a filtered Ox-module with integrable connection £, 
then 

M = Fil°(5(g)o^ OBdR)^=° . 
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(ii) For any filtered Ox -module with integrable connection 8, the sheaf 

M = Fil°(£: ®Ox OBdR)^=° 

is a M^^-local system such that 8 is associated to M. = 'M. ^■^+ OM'^^. 

In particular, the notion of being associated gives rise to a fully faithful functor from 
filtered Ox -modules with integrable connection to M'^^-local systems. 

Proof, (i) We have 

M = Fil°(M «)™+ BdR.) = Fil°(X OTdR)^=° = Fil°(^ ®Ox OTdR)^=° . 

dR dR 

Similarly, lemma [6.191 shows that 

8et = M£ ®Ox OBak) = u*{M (^oB+^ C'BdR) = z^*(M ®^+^ 
One also recovers the filtration and the connection. 



(ii) Let ((JjVjFil*) be any filtered Ox-module with integrable connection. We have to 

^dR- 



show that there is some Btp -local system M associated to 8, i.e. such that 



8 ®Ox CBdR = M 



dR 



compatible with filtrations and connection. 

We start by constructing some B^j^-local system Mq such that 



8®Ox OT+j,-Mo ®B+^^-dR 



compatible with the connection (but not necessarily with the filtration). To this end, 
consider the OB^j^-module Mq = 8 '^Ox ^^^j^, with the induced connection Vxq, and 

take Mq = A^^^° The desired isomorphism follows from Theorem 17.21 

Let n be maximal with Fil" 8 = 8 and m minimal with Fil™"'"^ 8 = We prove the 

proposition by induction on m — n. 

If n = m, then we choose M = Fil~"(Mo BdR). This obviously satisfies all 

dR, 

conditions. 

Now assume that n < m, and let Fil" be the filtration on 8 with Fil'*^ 8 = Fil*^ 8 
unless A; = m, in which case we set Fil'^^f" = 0. Associated to {8 ,¥\\'*) we get a 
B^Pj^-local system M', by induction. Twisting everything, we may assume that m = 0. 
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We need to show that 
the fohowing diagram: 





> Fil'°(f L/jn-dR; 

V 



Fil^'{£ ^Ox ^'^dR)'^ " is large. To this end, we consider 



V 



> Fil° £0Ox 



-40 



-4 Fil° £ gr" OBdR > 



^ Fil'~i(£' (g) OBdR) (g) ^ Fir\£ (g, OBdR) O^f ^ Fil° £ ® gr^^ OBdR O ^ 



id(g)V 



idiX)V 



^ Fil'~'^(^ ® OBdR) ^ Fir'^(^ ® OBdR) Fil° ^ (g gr~^ OBdR 















Here d is the dimension of X (which we may assume to be connected), and all tensor 
products are taken over Ox- 

Lemma 7.7. (i) All rows and columns of this diagram are complexes, and the diagram 
commutes. 

(ii) All but the first row are exact. 

(iii) The left and right column are exact. 

(iv) In the middle column, M is the kernel of the first map V . 

Proof. Parts (i), (ii) and (iv) are clear: To check that V in the middle column actually 
is a map compatible with the filtration as claimed, use Griffiths transversality. The left 
column is isomorphic to M' tensored with the exact sequence 

^ B+^ ^ Fil° OBdR ^ Fir 1 OBdR ... . 

The right column is Fil*' £ tensored with gr*^ of this sequence. □ 

It follows that the whole diagram is exact, e.g. by considering all but the first row of 
this diagram as a short exact sequence of complexes and looking at the associated long 
exact sequence of cohomology groups. 

Tensoring the first row with Fil° OBdR over B^pj^, which is flat, we get a diagram 







Fil° OBdR ■ 



Fil°OBdR 



-4 Fil° £ ®Ox 



dR 



-40 



> Fil'0(^ ®Ox CBdR) > Fil°(£: 



dRj 



-¥ Fil° £ ®Ox OMak > 



It follows that the middle vertical is an isomorphism as well, which shows that 
desired. 



IS as 



□ 
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Although not necessary for our apphcations, it may be interesting to investigate the 
relationship between M and 8 further. We recall the B^j^-local system Mq from the 
proof, associated to {£■, V) with the trivial filtration. It comes with an isomorphism 



10 



dR • 



In particular, reducing the isomorphism modulo ker 0, we get an isomorphism 

£(S)Ox Ox = gr°Mo . 

Now the short exact sequence 



D/Fil^ 



induces via z^* a boundary map 

£&t^£et®R^v*{dx{l)) ■ 

Lemma 7.8. Under the canonical isomorphism R^i^^{Ox{^)) — ^x-t' ^^^^ map is iden- 
tified with —1 times the connection on £. 

Proof. Define a sheaf J- via pullback £ ^ £ as in the diagram 

>£0ox Ox{-l) ^Mo/Fil^Mo > £ ^Ox >0 







-^£^Ox Oxi-l) 



^£ 



-^0 



Then admits two maps 

T^£0Ox OB+ /Fil^ ^ 



dR 



/Fil^ : 



One via J" Mo/Fil^ the other via T ^ £. The two maps agree modulo Fil^, hence 
their difference gives a map T ^ £ ®Ox S^"^ ^^dR • This gives a commutative diagram 



>£®Ox 



> £ ®Ox ^x(l) > £ ®Ox gr^ C*!, 



^£- 



-^0 



-> £ ®Ox ®Ox ^x 



-^0 



dR 

Here the lower sequence is Faltings's extension tensored with £. We know that the 
boundary map of the lower line induces the isomorphism £(.-i ® ^x-^ — ^ct ® R^i^*Oxi^), 
giving the claim. □ 

Proposition 7.9. The M'^^-local system M associated to ((f,V,Fil*) is contained in 
Mq <X)r+ B(iR , and it has the property 

"dR 

(M n FiP Mo)/(M n FiP+1 Mo) = Fil"^ £ (^Ox ^x{i) C gv' Mq = £ (^Ox ^x{i) 



for all i £ Z. 

Conversely, there is a unique such M'^^-submodule in Mq (S> 



MR- 



Proof The first assertion is clear. For the other two assertions, we follow the proof of 
existence of M and argue by induction. So, let n and m be as above. Again, the case 
n = m is trivial, so we assume n < m and (by twisting) m = 0. Moreover, we define the 
filtration Fil" as before, and get a unique M'. 
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Note that M has the desired interaction with Mq if and only if there is a commutative 
diagram as follows: 











> FilO 8 Ox 



-40 



-4 Fir 



-40 



It is immediate to check that our construction of M fulfils this requirement. Con- 
versely, it is enough to check that there is a unique sheaf N that fits into a diagram 

> Fil° £ — 











-4N' 



-40 



-40 



^ Fir Mo > Mo > £ ®Ox Ox 

Lemma 7.10. We have injections 

Ext^(Fil° £, M') --4 Hom(Fil° £, Fil"^ £ 
Ext^(Fil° Fil^ Mo) ^ Hom(Fil° £, £ ®Ox ^]c) > 
where we calculate the Ext^ in the category of ahelian sheaves on Xpi-oet- 

Proof. Both M' and Fil^ Mo are successive extensions of sheaves of the form J-^Ox Ox (^) 
with k > 1, where J-" is some locally free Ox-module. One readily reduces the lemma 
to proving that for two locally free Ox-modules Ti and J-2, we have 

Ext^(7-i, J-2 ®Ox Oxik)) = Hom(J-i,7-2 ^Ox ^x) 
if /c = 1, and = if A; > 2. For this, note that 

RRom{u*Ti6t,T2 ®Ox Ox{k)) = RRom{Ti6t, Ri^*{T2 ®Ox Ox{k))) , 

and we know by Corollarv 16.191 that the term Rv^{T2 ®Ox Ox{k)) vanishes in degrees 
and 1 if A; > 2, and vanishes in degree if k = 1. This gives vanishing if A: > 2, and if 
A; = 1, we get the desired identification because R^i'^{T2(^OxOx{k)) = ^2et<8c)x^x- '-' 

This shows that the pullback of the lower sequence along Fil'^ £ ^ £ 0Ox Ox comes 
in at most one way as the pushout from a sequence on the top, giving the desired 
uniqueness. Let us remark that the existence of this extension is related to Griffiths 
transversality once again. □ 

Theorem 7.11. Let X be a proper smooth adic space over Spa(A;, Ok), let {£, V, Fil*) be 

a filtered module with integrable connection, giving rise to a M~^j^-local system M, and let 

k he an algebraic closure ofk, with completion k. Then there is a canonical isomorphism 

dR 

compatible with filtration and Gal{k/k)- action. Here B^yi = BdR(A;,0|) is Fontaine's 
field of p- adic periods. 

Moreover, there is a Gal{k/k)-equivariant isomorphism 



H\X-„gv^ M) - Hi^X^iX, £) ®, k{-j) 



where 



H]^X^{X,£) = H\X,gTHDR{£))) 

denotes the Hodge cohomology in bidegree (i — j,j) of £, using the de Rham-complex 
DR{£) of £ with its natural filtration. 
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Remark 7.12. It does not matter whether the de Rham and Hodge cohomology groups 
are computed on the pro-etale, the etale, or the analytic site. If £" = Ox with trivial 
filtration and connection, then gr^ {DR{£)) = and hence 

Proof. The de Rham complex of S is 

DR{£) = {O^£^£0n]^^ ...) , 
and it is filtered by the subcomplexes 

Fir DR{£) = (0 ^ Fir £ ^ Fir-^ 5 (g) 0^ ^ . . .) . 
On the other hand, one may replace M B^r by the quasiisomorphic complex 

DR{£) ®Ox ^^^dR = {0^£^ OBdR ^£^ OBdR ^n\^ ...) 

with its natural filtration. There is a natural map of filtered complexes, 

DR{£) DR{£) ®Ox O'^dK ■ 

One gets an induced morphism in the filtered derived category 

i?r(Xfc, DR{£)) 5dR ^ BT{X-k, DR{£) (^Ox O^m) ■ 

We claim that this map is a quasiisomorphism in the filtered derived category. It suffices 
to check this on gradeds. Further filtering by using the naive filtration of DR{£), one 
reduces to checking the following statement. 

Lemma 7.13. Let A be a locally free Ox-module of finite rank. Then for all i G Z, the 

map 

RTiX-^,A) gr^ SdR ^ Rr{Xj„A ®Ox gr' OM^k) 
is a quasiisomorphism. 

Proof. Twisting, one reduces to z = 0. Then gr*^ i?dR = k. The statement becomes the 
identity 

H\Xj,,A) ®-kk^ H\X-^,A 0ox gi-° OTdR) 

for all i >0. For this, cover X by affinoid open subsets on which A becomes free; one sees 

that the left-hand side is -?/*(Xan, A) (8)fc k, and the right-hand side is H^{Xr , Af), by 

Proposition l6.16l f i). But coherent cohomology of proper adic spaces is finite-dimensional 
and commutes with extension of the base-field, so we get the desired result. □ 

Now we get the comparison results. For example, for the Hodge- Tate comparison, 
note that the i-th cohomology of gr'^ M is computed by 

H\X-^,gT'{DR{£) OBdR)) , 

which is identified with 

H\X-„gT^{DR{£))) gr-^- i^dR = H^^iX, £) ®k k{-j) 

3 3 

under the previous quasiisomorphism. □ 
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8. Applications 

Definition 8.1. Let X be a locally noetherian adic space or locally noetherian scheme. 
A lisse 'Lp-sheaf'L, on X^^ is an inverse system of sheaves of "L / p^ -modules L„ on X^t, 
such that each is locally on o constant sheaf associated to a finitely generated 
Ij/p^-module, and such that this inverse system is isomorphic in the pro-category to an 
inverse system for which L^+i/p" = L„. 

Let Zp = Z /p" as sheaves on Xproet- Then a lisse I^p-sheaf on Xproet is cl sheaf 

L of Zp-modules on Xpj-o^t, such that locally in Xproet; L is isomorphic to TLp M, 
where M is a finitely generated "Lp-module. 

Using Theorem 14.91 and Lemma I3.18|, one immediately verifies the following proposi- 
tion. 

Proposition 8.2. Let X he a locally noetherian adic space over Spa(Qp,Zp), and let 
L, he a lisse "Lp-sheaf on X^.^. Then L = L, = l^m t^*L„ is a lisse sheaf of Zp-modules 
on Xpi-oct- This functor is an equivalence of categories. Moreover, R> limi/*L„ = for 

In particular, L Qp is a Qp = ljp'[p~^]-local system on Xp^^et- D 

Let / : X — 7> y be a proper smooth morphism of locally noetherian adic spaces or 
locally noetherian schemes, and let L, be a lisse Zp-sheaf on X(.t. If / is a morphism of 
schemes of characteristic prime to p, then the inverse system IV' f^i^^^ of the -/^^/^^^IL^ 
is a lisse Zp-sheaf on l^tO Moreover, as the higher lim t^*L„ vanish, we have 

R^ fet*^» — ^ /proct*-ILi» . 

Definition 8.3. Let k be a discretely valued complete nonarchimedean extension of 
Qp with perfect residue field k and ring of integers Ok, and let X be a proper smooth 
adic space over Spa{k,Ok). A lisse Zp-sheaf is said to he de Rham if the associated 
M^j^-local system M = L ®^ B^j^ is associated to some filtered module with integrahle 
connection (£',V,Fil*). 

In the following, we write ^inf, Anfi etc., for the 'absolute' period rings as defined by 
Fontaine. 

Theorem 8.4. Let k he a discretely valued complete nonarchimedean extension of Qp 
with perfect residue field k, ring of integers Ok, and algebraic closure k, and let X he a 
proper smooth adic space over Spa(A;,Ofc). For any lisse Zp-s/iea/L on Xp^oet with as- 
sociated M^^-local system M = L(8)^ ^dR' have a Gal(k/k)-equivariant isomorphism 

H\X-„1L) ®^^B+^^H\X-„M) . 

If'L is de Rham, with associated filtered module with integrable connection (£',V,Fil'), 
then the Hodge- de Rham spectral sequence 

HnXe^X,S)^H},^{X,8) 

degenerates, and there is a Gal(k/k)-equivariant isomorphism 

H\X-^,L) Bar ^ Kr{X,£) B^r 

preserving filtrations. In particular, there is also a Gal(k/k)-equivariant isomorphism 

j 

■^Even if the L„ satisfy L„+i/p" = L„, this may not be true for the _R'/a*IL,i. 
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Proof. First, note that for any n, ff*(X^,L„) is a finitely generated Z/p'"-module, and 
we liave an almost isomorphism 

This follows inductively from Theorem 15.11 (using Proposition I3.15"|) : For n = 1, the 
desired statement was already proved in the proof of Theorem 15.11 Now the sheaves 
J-n = Ln (S)^ -^i^nf Satisfy the hypotheses of the almost version of Lemma [3. 181 Therefore 
we may pass to the inverse limit l^m J>t = L (g)^ ^fnf^ S^t almost isomorphisms 

Now we invert p and get almost isomorphisms 

H\X-„h) 0^^ Bfnf = H\X-„h(^^^ Mf,,) . 
Multiplication by (using ^ as in Lemma |5.3|) then shows that 

as the ideal defining the almost setting becomes invertible in i?inf/(ker 0)*^. Again, the 
sheaves J^^ = L (g)^ Binf/(ker 0)'^ satisfy the hypothesis of Lemma 13.181 and we deduce 
that 

H\X-„1L) - WiX-„l.0^^ B+^) , 

as desired. 

In particular, //'(X^,M) is a free i?^- module of finite rank. This implies that 
dim. W{X-^, grO M) = dimB,^{H' {X-„M) ®b+ ^dn) ■ 
But Theorem 17.111 translates this into the equahty 

^ dimfc i/Ug,(X, £) = dimfc W^^iX, £) , 

3 

SO that the Hodge-de Rham spectral sequence degenerates. The final statement follows 
directly from Theorem 17.111 □ 

Our final application is a relative version of these results. First, we need a relative 
Poincare lemma. Here and in the following, we use subscripts to denote the space giving 
rise to a period sheaf. 

Proposition 8.5. Let f : X ^ Y be a smooth morphism of smooth adic spaces over 
Spa{k,Ok), of relative dimension d. By composition with the projection Q}^ — )> il^^y, 

we get the relative derivation Vx/y '■ ^^dRx ~^ ^^dRX ®Ox ^x/y ^'^^ following 
sequence is exact: 

^ OB+ , OB+ ^ J^V/v ^^"^ ... ^^"^ OM+ ^ J^t/v ^ . 



It is strict exact with respect to the filtration giving ^^x/v degree i. 

Proof. It is enough to check the assertion in the case X = T^, Y = T""*^, with the 
evident projection. There, the explicit description of Proposition I6.1UI does the job 
again. □ 

Lemma 8.6. Let f : X ^ Y be a proper smooth morphism of smooth adic spaces over 
Spa{k,Ok). Let A be a locally free Ox -module of finite rank. Then the morphism 

(-^/proet*'^) dR,X> 

is an isomorphism in the derived category. 
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Proof. We need to check that the sheaves agree over any U pro-etale over Y. Note that 
this map factors as the composite of a pro-finite etale map U ^ Y' and an etale map 
Y' —7- Y. Replacing Y by Y' , we may assume that U is pro-finite etale over Y. Moreover, 
we can assume that Y is affinoid and that there is an etale map Y T™ that factors 
as a composite of rational embeddings and finite etale maps. Let K be the completed 
algebraic closure of k. Let Y = Y Xjm T^. One can also assume that [/ is a pro-finite 
etale cover of Y, which we do. 

Finally, we choose an open simplicial cover X, of X such that each Xi admits an etale 
map Xi that factors as a composite of rational embeddings and finite etale maps, 

fitting into a commutative diagram 

Xi ^T*^ 

Y ^T™ 

where the right vertical map is the projection to the first coordinates. Let Xi = Xi xjn 

■rnn 
11^. 

In this situation, we can control everything. The technical ingredients are summarized 
in the following lemma. 

Lemma 8.7. All completed tensor products are completed tensor products of Banach 
spaces in the following. 

(i) Let Wi = U Xy Xi and Wi = U Xy Xi. Then Wi is pro- finite etale over Xi, 

dx{Wi) = dY{u)^oy{Y)Ox{Xi) , 

and 

(ii) The ring Oy(C/) is flat over OyiY) up to a hounded p -power , i.e. there is some integer 
N such that for all OY{Y)-modules M, the group Tor^+^^^(M, Oy (f/)) is annihilated 

by p^ . 

(iii) In the complex 

C :0 ^ T{Xi) ^ T{X2) ^ ... 
associated to the simplicial covering X, of X, computing {RfpToct*^)(X), all boundary 
maps have closed image. 

(iv) We have 

(grO OTdR,x)(VFi) = dx{Wi)[Vi, . . . , K^] , 
where Va is the image of t~^\og{\T^]/Ta) in gr° OBj^^x • Moreover, 

iJ'?(Wi, grOC)BdR,x) = 

for q > 0. 

Proof, (i) First, we use Lemma l6.18l to get 

dy{Y) = Oy(y)®,^^±i^..._^±i^K(Tf . . . , r±VP-) 

and 

OxiX,) = Ox{X,)®^^^±^_T^^^K{T^^'^^,. . . ,r±VP=°) . 
We may rewrite the latter as 
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Next, using that U Y is pro-finite etale and that Y and Xi are perfectoid, we get 
in particular, 

OxiWi) = dY{U)^ay{Y)^x{X^) . 
Using our description of OxiXi), this may be rewritten as 

Now one gets 

Ox{Wi) = dY{U)®Oy{Y)Ox{Xi) 



by taking invariants under e.g. by using the computation in Lemma 15.51 

(ii) Note that OyiU) is almost flat over Oy^Y) by almost purity. But up to a bounded 
p-power, OyiY) is equal to 

by Lemma 16.181 which is topologically free over OY{Y)(kiOk^K: and hence flat over 
0^{Y)^OkC>K, which in turn is flat over 0^{Y). 

(iii) This follows from the finiteness of cohomology, proved by Kiehl, [13] . 

(iv) The desired cohomology groups can be calculated using the Cech cohomology groups 
of the cover Wi — )■ Wi. The computation is exactly the same as in the proof of Proposi- 
tion [6T6] (i), starting from the results of part (i). 

□ 

By part (iv), one can compute 

{RfproctM ®Ox gr° OBdR,x))(f/) 
by using the complex given by the simplicial covering U xy X, = W, of U xy X. 
Moreover, parts (i) and (iv) say that it is given by (C(8'c)y(y)Oy(C/))[Vi, . . . , Vm]- But 
part (ii) says that the operation (8'c)y(y)C'Y(?7) is exact on strictly exact sequences of 
Banach-Oy (y)-modules, with part (iii) confirming that C has the required properties 
implying that it commutes with taking cohomology, so that 

(-^ /proct* (-^ (^Ox & OBfiY{.,x)){U) = ((-R*/proct*-4)(y)(g)c)y(y)C'y(C/))[li, . . . , Kn] • 

As (-RVproet*-4)(^) is a coherent Oy (y)-module, one can replace ®ciY{y)^yi^) 
®Oy(y)^y{U). Also, by Proposition [6T6] (i), 

Oy(C/)[Vi,...,y^] =grOOTdR,y(i7) . 
Finally, Corollary 13.171 (ii) and Proposition 19.21 (ii) imply that 

(i?7proet*-4)(C/) = {B} Uro&t*A){Y) ®Oy(Y) Oy{U) , 

SO we get 

{B /proet* (-^ 

as desired. □ 

Theorem 8.8. Let f : X ^Y be a proper smooth morphism of smooth adic spaces over 
Spa(/c, Ofc). Let h be a lisse T^p-sheaf on Xpj-o^t, and let 

be the associated M'^-^ -local system. Assume that i?*/pj.oct*L is a lisse Zp-sheaf on 
^proet- Then: 
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(i) There is a canonical isomorphism 

In particular, i?*/pi.oct*M is a Bjj^ y -/oca/ system on Y, which is associated to i?*/pi.oct*IL. 

(ii) Assume that L is de Rham, and let (£", V,Fil*) he the associated filtered Ox-module 
with integrable connection. Then the relative Hodge cohomology -R*"-''-' /Hodge* (^^) is a 
locally free Oy-module of finite rank for all i,j, the relative Hodge-de Rham spectral 
sequence 

degenerates, and i?*/proct*IL' is de Rham, with associated filtered Oy-module with inte- 
grable connection given by i?*/dR*(^)- 

Remark 8.9. By Theorem 19.31 the assumption is satisfied whenever f : X and L 

come as the analytification of corresponding algebraic objects. 

Proof, (i) Let K be the completed algebraic closm'e of k. It suffices to check that one 
gets a canonical isomorphism on Ypj-oct/Yx. We start with the isomorphism 

(ii7et*L') ® O+'^/p ^ i?7ct*(IL' ® o\^Ip) 

from Corollary 15.111 for any Fp-local system L' on By Corollary 13.171 (ii), we may 
replace /,5t by /proct- Also, choose vr G O^-b with -k^ = p. Then we get 

(i?7et*L') ^ i27proet*(]L' ® O+^/tt) , 

and by induction on m, also 

(i?7ct*]L') O+^/tt"^ - i?7proct*(]L' ® O+^/vr-) . 
It is easy to see that this implies that for all m and n, we haye 

By assumption, all i?7ct*IL'n are locally on Y^t isomorphic to constant sheaves associated 
to finitely generated Z/p"-modules. This implies using Lemma 13.181 that one can take 
the inverse limit over m to get 

(-R7ct*Ln) -'^hif,y — ^* /proct* (Ln ^i\i,x) ■ 

Similarly, one may now take the inverse limit over n to get 

-R*/proet*L (8>2p -'^inf,y — -R7proct* (IL ^ni,x) ■ 

Then all further steps are the same as in the proof of Theorem 18.41 

(ii) We follow the proof of Theorem 17. Ill Let us denote by DR{£) the relative de Rham 
complex 

DR{£) = {0^£ n\/Y ^ ■■■) , 

with its natural filtration. We claim that the map 

RfprocUDRiS)) 0Oy OMar,Y ^ RfprocUDRiS) ®Ox OTdR,x) 

induces a quasiisomorphism in the filtered derived category of abelian sheaves on l^roct- 
As in the proof of Theorem 17. Ill this reduces to Lemma 18.61 Moreover, by Proposition 
18.51 the right-hand side is the same as 

ii/proct*(M0„ ^+ /p*,„,tOTdR,y) . 

Using that i2/proet*M is a B^j^ y-local system, this may in turn be rewritten as 

(i?/p,oet*M)0^+^^ OBdR,y : 
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To check that this gives a quasiisomorphism in the filtered derived category, it suffices 
to check on associated gradeds, where one gets the identity 

i?/proct* (gr° M ® ^ gr* OBdR,y ) ^ (i2/proct* gr° M) 0^ gr* OTdR,y , 

which fohows from the fact that locahy on Yproet j gi'* C)^dK,Y is isomorphic to gr*^ OB^R^y , 
which in turn is a polynomial ring over Oy, i-e. abstractly an infinite direct sum of copies 
of Oy. 

Combining these results, we find that 

RfproeUDR{S)) 0Oy OBdR,y ^ {Rf proctM) ®B+ C^BdR.y 

dIi,Y 

in the filtered derived category. In particular, in degree 0, the left-hand side gives 
0^7proct*(gr^P^(^)))®Oygr^^ OBdR,y = i?'"^'^ /Hodge* (^)C$Oygr° OTdR,y(-j) , 

j 3 

whereas the right-hand side evalutes to 

(gr" i?7proct*M) gr" OBdR,y . 

The latter is a sheaf of locally free gr*^ OBdR,y-modules. As locally on yprooti g^^*^ CJBdR^y 
is faithfully flat over Oy, it follows that -R*~-''-'/Hodgo*(^') is locally free for all i, j. 
Similarly, we find that 

R'fdR*{£) ^Or CBdR,y = (/?7proet*M) ®^+^ ^ OBjR.y , 

compatibly with filtration and connection. Counting ranks of locally free modules, one 
gets the desired degeneration result. Using part (i), the last displayed formula now 
implies that iZ*/^t*L is de Rham, with associated filtered Oy-module with integrable 
connection given by R^fdR*{£)- 

□ 



9. Miscellany 

In this section, we recall some facts that are used in the paper. We start with 
the following situation. Let K be some complete nonarchimedean field, let ^ be a 
complete topologically finitely generated Tate algebra over K, and let Sq = Spec^, 
with corresponding adic space S = Spa{A, A°). Further, let /o : Xq — )• 5o be a proper 
morphism of schemes, and let / : X — ?> be the corresponding morphism of adic spaces. 

Theorem 9.1. (i) The category of coherent O Xo-modules is equivalent to that of coherent 
Ox -modules. 

(ii) Let J-Q be a coherent Oxo-module with analytification T on X. Then for all i > 0, 
R^ f-^J- is coherent and equal to the analytification of R^ fQ^:J-Q. 

Proof. This is the main result of Kopf's thesis, [13] • For a more modern reference, see 
Abbes' book on rigid geometry, [1]. □ 

Further, we need to know that one can also use the etale site to compute coherent 
cohomology. This is summarized in the following proposition. 

Proposition 9.2. Let K be a complete nonarchimedean field. All adic spaces are as- 
sumed to be locally of finite type over Spa{K,OK)- 

(i) Let T be a coherent module on an affinoid adic space X. Then the association mapping 
any affinoid etale U ^ X to Ojj{U) '^OxiX) -^i-^) ^ sheaf on X^x- For i > 0, the 
higher cohomology group H^{X^i, T^i) = vanishes. 
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(ii) Let g : T ^ S be an etale morphism of affinoid adic spaces. Let f : X ^ S be proper. 
Let Tx be a coherent Ox -module, letY = X xgT, and let Ty be the pullback of Tx to 
Y . Then for all i, we have an isomorphism 

H\X,Tx) ®Os{S) Ot{T) = H\Y,Fy) . 

In particular, {K'-f^T)it = -R7ct*-^ct- 

Proof. Part (i) follows from Proposition 3.2.5 of [8]. Using Proposition 3.2.2 of [8j, one 
easily reduces the assertion in part (ii) to the cases where T C 5" is a rational subset, 
and where T ^ S* is finite etale. The first case is dealt with by Kiehl in [13], Satz 3.5. 
In the other case, choose some open affinoid cover of X and compute H^{X,J^x) via 
the associated Cech complex C. Then H^{Y,Ty) is computed by C ^OsiS) (^TiT), as 
Ot{T) is a finite C'5(5)-module. But Ot{T) is flat over OsiS), so tensoring commutes 
with taking cohomology, which is what we wanted to prove. □ 

Let us recall a comparison between algebraic and analytic etale cohomology. Let K 
be some complete nonarchimedean field, let /o : Xq —t- 5*0 be a proper smooth morphism 
of schemes over K, let S be an adic space locally of finite type over Spa(il', Ok), and 
let 5 — )• 5o be some morphism of locally ringed topological spaces, which induces via 
base-change a proper smooth morphism of adic spaces f : X ^ S. 

Theorem 9.3. Let m be an integer which is invertible in K . Let Lq be a 'L/m'L-sheaf 
on Xoct which is locally on Xoct the constant sheaf associated to a finitely generated 
Z/mZ -module. Recall that i?*/oct*IL is locally on 5o6t the constant sheaf associated to a 
finitely generated Z/mZ-module. Let L be the associated sheaf on X^i. Then ii*/^t^,L is 
the analytification o/ i?'/oct*ILo• 
Proo/. This is Theorem 3.7.2 of [H]. □ 

Finally, we recall some facts about affinoid algebras over algebraically closed nonar- 
chimedean fields. So, let K be an algebraically closed nonarchimedean field, and let R be 
a topologically finitely generated Tate K-algebra, i.e. R is a quotient of K{Ti, . . . ,Tn) 
for some n. 

Theorem 9.4. Assume that R is reduced. Then R° is a topologically finitely generated 
Ox-algebra, i.e. there is a surjection 0{Ti, . . . ,Tn) — )• R° for some n. Moreover, if S 
is a finite reduced R-algebra, then S° is a finite R° -algebra. 

Proof. This follows from §6.4.1, Corollary 5, of □ 

References 

[1] A. Abbes. Elements de geometrie rigide. Volume I, volume 286 of Progress in Mathematics. 

Birkhauser/Springer Basel AG, Basel, 2010. Construction et etude geometrique des espaces rigides. 

With a preface by Michel Raynaud. 
[2] F. Andreatta and A. lovita. Comparison Isomorphisms for Formal Schemes. 

http://www.mathstat.concordia.ca/faculty/iovita/paper_14.pdf. 
[3] A. Beilinson. p-adic periods and derived de Rham cohomology. http://arxiv.org/abs/1102.1294. 
[4] S. Bosch, U. Giintzer, and R. Remmert. Nan- Archimedean analysis, volume 261 of Grundlehren 

der Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences]. Springer- 

Verlag, Berlin, 1984. A systematic approach to rigid analytic geometry. 
[5] O. Brinon. Representations p-adiques cristallines et de de Rham dans le cas relatif Mem. Soc. 

Math. Fr. (N.S.), (112):vi+159, 2008. 
[6] P. Colmez. Espaces de Banach de dimension finie. J. Inst. Math. Jussieu, l(3):331-439, 2002. 
[7] A. J. de Jong. Etale fundamental groups of non- Archimedean analytic spaces. C'ompositio Math., 

97(l-2):89-118, 1995. Special issue in honour of Frans Oort. 
[8] J. de Jong and M. van der Put. Etale cohomology of rigid analytic spaces. Doc. Math., l:No. 01, 

1-56 (electronic), 1996. 



p-ADIC HODGE THEORY 



55 



[9] G. Faltings. Almost etale extensions. Asterisque, (279): 185-270, 2002. Cohomologies p-adiques et 

applications arithmetiques, II. 
[10] O. Gabber and L. Ramero. Foundations of almost ring theory. 

littp://matli. univ-lillel.fr/~ramero/liodge.pdf. 
[11] O. Gabber and L. Ramero. Almost ring theory, volume 1800 of Lecture Notes m Mathematics. 

Springer- Verlag, Berlin, 2003. 
[12] R. Huber. Etale cohomology of rigid analytic varieties and adic spaces. Aspects of Mathematics, 

E30. Friedr. Vieweg & Sohn, Braunschweig, 1996. 
[13] R. Kiehl. Der Endlichkeitssatz fur eigentliche Abbildungen in der nichtarchimedischen Funktionen- 

theorie. Invent. Math., 2:191-214, 1967. 
[14] U. Kopf. Uber eigentliche Familien algebraischer Varietaten iiber afSnoiden Raumen. Schr. Math. 

Inst. Univ. Miinster (2), (Heft 7):ivH-72, 1974. 
[15] W. Liitkebohmert. From Tate's elliptic curve to abeloid varieties. Pure Appl. Math. Q., 5(4, Special 

Issue: In honor of John Tate. Part 1):1385-1427, 2009. 
[16] M. Rapoport and T. Zink. Period spaces f or p- divisible groups, volume 141 of Annals of Mathematics 

Studies. Princeton University Press, Princeton, NJ, 1996. 
[17] P. Schneider. The cohomology of local systems on p-adically uniformized varieties. Math. Ann., 

293(4) :623-650, 1992. 
[18] P. Scholze. Perfectoid Spaces. 2011. arXiv:1111.4914. 

[19] J. T. Tate, p — divisible groups.. In Proc. Conf. Local Fields (Driebergen, 1966), pages 158-183. 
Springer, Berlin, 1967. 

[20] M. Temkin. On local properties of non- Archimedean analytic spaces. Math. Ann., 318(3) :585-607, 
2000. 



